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A Model Dynamics

A.1 Flow Equations

Let Sn,t(z) ≥ 0 be the total measure of sellers of size n and productivity z ∈ Z at time t ≥ 0. All such

sellers seek to find new customers in market x′(n + 1; z, ϕ). Let BI
n+1(z, ϕ) be the measure of inactive

buyers searching within this market. Then, tightness must adjust so that:

BI
n+1,t(z, ϕ) = θn+1(z, ϕ)Sn,t(z) (A.1.1)

where θn(z, ϕ) ≡ θ
(
x′(n; z, ϕ);ϕ

)
. Let BA

n,t(z) be the measure of customers matched with sellers of

type (n, z) at time t. By construction, we have:

BA
n,t(z) = nSn,t(z) (A.1.2)

at any t ≥ 0. The unit measure of buyers must be either matched with a seller and consuming, or

looking for a seller. Hence,
∑+∞

n=1

∑
z∈Z

(
BA
n,t(z) + BI

n,t(z, ϕ)
)

= 1, ∀ϕ ∈ Φ, t ≥ 0. Note that market

tightness jumps instantaneously in response to an aggregate shock.1 This is because the mass of inac-

tive buyers adjusts immediately to guarantee that the indifference condition among unmatched buyers

(equation (1)) is met in all states of nature. However, by block-recursivity, tightness remains constant

over time for each aggregate state. The mass of potential entrants, denoted S0,t(ϕ), jumps following a

ϕ-shock, and otherwise evolves smoothly due to sellers flowing in and out of inactivity. The distribution

of sellers, {Sn,t(z)}, is slow-moving and continuous in time. Because of this slow adjustment, the model

features sluggish aggregate dynamics.

Formally, the flows into and out of size n ≥ 2 for some z ∈ Z are given by:

∂tSn,t(z) = η
(
θn(z, ϕ)

)
Sn−1,t(z) + (n+ 1)δcSn+1,t(z) +

∑
z̃ 6=z

λz(z|z̃)Sn,t(z̃)

−
(
δf + nδc + η

(
θn+1(z, ϕ)

)
+
∑
z̃ 6=z

λz(z̃|z)
)
Sn,t(z) (A.1.3)

where ∂t denotes a time derivative. Inflows (first line) are given by sellers that acquire their n-

th customer, the share of size-(n + 1) incumbents that lose a customer, and those that transition into

productivity z from some z̃ 6= z. Outflows (second line) are given by sellers that either exit, lose or

gain a customer, or transition to a distinct productivity state, z̃ 6= z. For size n = 1, the flow equation

is identical except that the first term on the first line must be replaced by the flow of entrants into

productivity z, i.e. πz(z)η
(
θ1(z, ϕ)

)
S0,t(ϕ). Finally, the measure of potential entrants, S0,t(ϕ), obeys the

1 Our notation convention thoughout this section is the following: (i) explicit dependence on ϕ denotes that
a variable jumps with ϕ; (ii) a subscript t denotes that the variable is time-varying for given ϕ.
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following ODE:

∂tS0,t(ϕ) = δfSt + δc
∑
z∈Z

S1,t(z)−
∑
z0∈Z

πz(z0)η
(
θ1,t(z0, ϕ)

)
S0,t(ϕ) (A.1.4)

where St ≡
∑+∞

n=1

∑
z∈Z Sn,t(z) is the total measure of incumbent sellers. These equations offer a

full characterization of the model’s distribution dynamics. The stationary distribution of sellers is the

solution to ∂tSn,t(z) = 0, ∀(n, z).

A.2 Aggregate Measures of Agents

To derive aggregate measures, we first must derive the equilibrium shares of agent types. Throughout,

we fix ϕ ∈ Φ. Let gn,t(z) ≡ Sn,t(z)
St , where St ≡

∑
n≥1

∑
z Sn,t(z) is the total measure of incumbents.

After a period of size ∆ > 0, the share of sellers of size n ≥ 2 becomes:

gn,t+∆(z) =
[
η
(
θn,t+∆(z, ϕ)

)
∆ + o(∆)

]
gn−1,t(z) + (n+ 1)

[
δc∆ + o(∆)

]
gn+1,t(z) +

∑
z̃ 6=z

[
λz(z|z̃)∆ + o(∆)

]
gn,t(z̃)

+

[
1− δf∆− nδc∆− η

(
θn+1,t+∆(z, ϕ)

)
∆−

∑
z̃ 6=z

λz(z̃|z)∆ + o(∆)

]
gn,t(z)

Subtracting gn,t(z) from both sides of the equation, dividing by ∆, and taking the limit as ∆→ 0:

∂tgn,t(z) = η
(
θn,t(z, ϕ)

)
gn−1,t(z) + (n+ 1)δcgn+1,t(z)

+
∑
z̃ 6=z

λz(z|z̃)gn,t(z̃)−
(
δf + nδc + η

(
θn+1,t(z, ϕ)

)
+
∑
z̃ 6=z

λz(z̃|z)
)
gn,t(z)

The derivation is similar for n = 1. For potential entrants, we have:

S0,t+∆(ϕ) =
[
δf∆ + o(∆)

]
St +

[
δc∆ + o(∆)

]∑
z

S1,t(z) +

[
1−

∑
z0

πz(z0)η
(
θ1,t+∆(z0, ϕ)

)
∆ + o(∆)

]
S0,t(ϕ)

for given ϕ. Taking the continuous-time limit in the usual way, we arrive at:

∂tS0,t(ϕ) =
(
δf + δc

∑
z

g1,t(z)
)
St −

∑
z0

πz(z0)η
(
θ1,t(z0, ϕ)

)
S0,t(ϕ)

In the stationary solution, ∂tgn,t(z) = 0 and ∂tS0,t(ϕ) = 0. This yields a system of second-order

equations which can be solved numerically on the state-space grid, N × Z × Φ. The solution is a

matrix {gn(z)}n,z, and the share of potential entrants per incumbent seller, h0(ϕ) ≡ S0(ϕ)/S. Then, to

compute the aggregate measures BA ≡
∑

n,z B
A
n (z) and BI = 1−BA, we use equation (A.1.2) to obtain

bAn (z) ≡ BAn (z)
S by:

bAn (z) = ngn(z)
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Then, bA ≡ BA/S =
∑+∞

n=1

∑
z ngn(z). On the other hand, from equation (A.1.1) we know that

BI
n(z, ϕ) = Sθn(z, ϕ)gn−1(z). Therefore, adding across n ≥ 2 yields:

S
+∞∑
n=2

∑
z

θn(z, ϕ)gn−1(z) =
+∞∑
n=2

∑
z

BI
n(z, ϕ) = BI −

∑
z

BI
1(z, ϕ) = 1−BA −

∑
z

θ1(z, ϕ)S0(ϕ)

Using the definitions above, we can then write:

S =
1−

(
bA + h0(ϕ)

∑
z θ1(z, ϕ)

)
S∑

n≥2

∑
z θn(z, ϕ)gn−1(z)

Solving for S, we finally obtain the stationary measure of active sellers:

S =

(
bA + h0(ϕ)

∑
z

θ1(z, ϕ) +

+∞∑
n=1

∑
z

θn+1(z, ϕ)gn(z)

)−1

Computing the remaining aggregate measures is straightforward: the mass of potential entrants is

S0(ϕ) = Sh0(ϕ), the measure of incumbent sellers is Sn = Sgn, the measure of active buyers is BA = SbA,

and that of inactive buyers is BI = 1−BA.

B Proofs

B.1 Proof of Proposition 1: Joint Surplus Problem

Proof. Denote by ω =
{
p,x′(n′; s′)

}
a generic policy of the typical seller in state (n; z, ϕ), where p is

the price level,

x′(n′; s′) =
{
x′(n+ 1; z, ϕ), x′(n− 1; z, ϕ),

{
x′(n; z′, ϕ) : z′ ∈ Z

}
,
{
x′(n; z, ϕ′) : ϕ′ ∈ Φ

}}
is the set of promised utilities, and x′(n + 1; z, ϕ) and x′(n − 1; z, ϕ) are the upsizing and downsizing

choices, respectively. Recall that x′(n; z, ϕ) = x by stationarity. The value of the seller in equilibrium,

V S(n, x; z, ϕ), can be written as the maximand on the right-hand side of (3a), evaluated at ω. That is:

V S(n, x; z, ϕ) = max
ω∈Ω

Ṽ S(n; z, ϕ|ω) s.t. x ≤ V B(n,ω; z, ϕ)

where Ṽ S(n; z, ϕ|ω) is given by:

Ṽ S(n; z, ϕ|ω) ≡ 1

ρ(n; z, ϕ)

[
pn− C(n; z, ϕ) + η

(
θ
(
x′(n+ 1; z, ϕ);ϕ

))
V S
(
n+ 1, x′(n+ 1; z, ϕ); z, ϕ

)
+ nδcV

S
(
n− 1, x′(n− 1; z, ϕ); z, ϕ

)
+
∑
z′∈Z

λz(z
′|z)V S

(
n, x′(n; z′, ϕ); z′, ϕ

)
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+
∑
ϕ′∈Φ

λϕ(ϕ′|ϕ)V S
(
n, x′(n; z, ϕ′); z, ϕ′

)]
(B.1.1)

and we have defined ρ(n; z, ϕ) ≡ r + δf + nδc + η
(
θ(x′(n + 1; z, ϕ);ϕ)

)
as the effective discount rate

of the firm. From (B.1.1), it is optimal to offer the highest possible price that is consistent with promise-

keeping, for any given policy ω. Indeed, the price has no bearing on the agents’ incentives within the

search market. Therefore, the promise-keeping constraint must bind with equality, and we can solve for

the price p such that x = V B(n,ω; z, ϕ) using equation (2):

pPK : x′(n′; s′) 7→
{
v(ϕ)− ρ(n; z, ϕ)x+ δfU

B(ϕ) + η
(
θ
(
x′(n+ 1; z, ϕ);ϕ

))
x′(n+ 1; z, ϕ) (B.1.2)

+ δc

(
UB(ϕ) + (n− 1)x′(n− 1; z, ϕ)

)
+
∑
z′∈Z

λz(z
′|z)x′(n; z′, ϕ) +

∑
ϕ′∈Φ

λϕ(ϕ′|ϕ)x′(n; z, ϕ′)
}

Using the above notation, we can now substitute the price level pPK
(
x′(n′; s′)

)
from (B.1.2) into the

seller’s value (B.1.1). After some straightforward algebra, we obtain:

W̃ (n, x; z, ϕ|ω) =
1

ρ(n; z, ϕ)

[
n

(
v(ϕ) + (δf + δc)U

B(ϕ)

)

−

(
C(n; z, ϕ) + η

(
θ
(
x′(n+ 1; z, ϕ);ϕ

))
x′(n+ 1; z, ϕ)

)
+ η
(
θ
(
x′(n+ 1; z, ϕ);ϕ

))
W
(
n+ 1, x′(n+ 1; z, ϕ); z, ϕ

)
+ nδcW

(
n− 1, x′(n− 1; z, ϕ); z, ϕ

)
+
∑
z′∈Z

λz(z
′|z)W

(
n, x′(n; z′, ϕ); z′, ϕ

)
+
∑
ϕ′∈Φ

λϕ(ϕ′|ϕ)W
(
n, x′(n; z, ϕ′); z, ϕ′

)]
(B.1.3)

where we have defined:

W̃ (n, x; z, ϕ|ω) ≡ Ṽ S(n; z, ϕ|ω) + nx and W (n, x; z, ϕ) ≡ max
ω∈Ω

W̃ (n, x; z, ϕ|ω)

as the joint surplus under contract ω, and the maximized joint surplus, respectively. Next, note that

the right-hand side of equation (B.1.3) does not depend on x nor p, so we can write the joint surplus

under a given policy as:

W̃ (n, x; z, ϕ|ω) = W̃n

(
x′(n′; s′); z, ϕ

)
The optimal contract is then ω∗ =

{
p∗,x′∗(n′; s′)

}
, where:

x′∗(n′; s′) ≡ arg max
x

W̃n

(
x; z, ϕ

)
(B.1.4a)

p∗ ≡ pPK
(
x′∗(n′; s′)

)
(B.1.4b)

5



By expressing the problem of the seller in terms of W̃ , we have just shown that the optimal contract,

ω∗, must maximize the joint surplus. Conversely, for any vector x′(n′; s′) of continuation values that

maximizes the joint surplus, there is a price level, given by p∗ = pPK
(
x′∗(n′; s′)

)
, that maximizes the

seller’s value subject to the promise-keeping constraint. �

B.2 Proof of Proposition 2: Efficiency

Proof. Consider a benevolent planner that is constrained by the search frictions of the economy and

seeks to maximize aggregate welfare subject to the resource constraints of the economy. The planner can

allocate resources freely, so the problem does not feature contracts nor prices. Instead, we label each

market segment directly by its tightness, θ. To simplify notation, it is understood that time subscripts

embody the entire history of aggregate shocks, which is taken to be some arbitrary path ϕt = (ϕj : j ≤
t) ⊆ Φ.

The planner chooses:

• The tightness in each market segment, Θt ≡
{
θnt,t(zt) : (nt, zt) ∈ N×Z

}
;

• Distributions of inactive and active buyers across markets, BI
t ≡

{
BI
nt,t(zt) : (nt, zt) ∈ N×Z

}
and

BA
t ≡

{
BA
nt,t(zt) : (nt, zt) ∈ N×Z

}
;

• A measure of potential entrants, S0,t;

• A distribution of firms across states, St ≡
{
Snt,t(zt) : (nt, zt) ∈ N×Z

}
.

The planner’s objective is:

max
Θt,B

I
t ,B

A
t

S0,t,St

E0

∫ +∞

0
e−rtWt(ϕt)dt (B.2.1)

where

Wt(ϕt) = −κS0,t +
+∞∑
nt=1

∑
zt∈Z

[
v(ϕt)B

A
nt,t(zt)− C(nt; zt, ϕt)Snt,t(zt)− cB

I
nt,t(zt)

]

The planner is subject to three sets of constraints. The first one concerns the evolution of the

distribution of sellers:

∂tS0,t = δf

+∞∑
nt=1

∑
zt∈Z

Snt,t(zt) + δc
∑
zt∈Z

S1,t(zt)−
∑
ze∈Z

πz(z
e)η
(
θ1,t(z

e)
)
S0,t (B.2.2a)

∂tS1,t(zt) = πz(zt)η
(
θ1,t(zt)

)
S0,t + 2δcS2,t(zt) +

∑
z̃ 6=zt

λz(zt|z̃)S1,t(z̃)

−
(
δf + δc + η

(
θ2,t(zt)

)
+
∑
z̃ 6=zt

λz(z̃|zt)
)
S1,t(zt) (B.2.2b)
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∀nt ≥ 2 : ∂tSnt,t(zt) = η
(
θnt,t(zt)

)
Snt−1,t(zt) + (nt + 1)δcSnt+1,t(zt) +

∑
z̃ 6=zt

λz(zt|z̃)Snt,t(z̃)

−
(
δf + ntδc + η

(
θnt+1,t(zt)

)
+
∑
z̃ 6=zt

λz(z̃|zt)
)
Snt,t(zt); (B.2.2c)

for all zt ∈ Z, where ze denotes the productivity draw upon entry. The second set of constraints

describes the distribution of agents across states at any given time:

∀(nt, zt) ∈ N×Z : BA
nt,t(zt) = ntSnt,t(zt) (B.2.3a)

∀(nt, zt) ∈ N×Z : BI
nt,t(zt) = θnt,t(zt)Snt−1,t(zt) (B.2.3b)

1 =
+∞∑
nt=1

∑
zt∈Z

(
BA
nt,t(zt) +BI

nt,t(zt)
)

(B.2.3c)

Equation (B.2.3a) states that each customer consumes a single unit; equation (B.2.3b) states that

each market segment is in equilibrium, in the sense that the measure of buyers who find a seller in any

given market equals the measure of sellers within that market who find a new customer; equation (B.2.3c)

says that every buyer in the economy is in either the active or the inactive state.

Finally, the mass of potential entering sellers must be non-negative in any aggregate state:

S0,t ≥ 0 (B.2.4)

To solve, first we use constraints (B.2.3a) and (B.2.3b) to rewrite (B.2.3c) as:

+∞∑
nt=1

∑
zt∈Z

ntSnt,t(zt) +
+∞∑
nt=1

∑
zt∈Z

θnt+1,t(zt)Snt,t(zt) + S0,t

∑
zt∈Z

θ1,t(zt) = 1 (B.2.5)

Substituting constraints (B.2.3a) and (B.2.3b) into the objective function:

max
Θt,S0,t,St

E0

∫ +∞

0
e−rt

{
−

(
κ+ c

∑
zt∈Z

θ1(zt)

)
S0,t + v(ϕt)

+∞∑
nt=1

∑
zt∈Z

ntSnt,t(zt)

−
+∞∑
nt=1

∑
zt∈Z
C(nt; zt, ϕt)Snt,t(zt)− c

+∞∑
nt=1

∑
zt∈Z

θnt+1,t(zt)Snt,t(zt)

}
dt

subject to (B.2.2a), (B.2.2b), (B.2.2c), (B.2.4), and (B.2.5). Conveniently, the variables BI
t and BA

t

have disappeared from the problem. The state vector now only includes measures of sellers: St ≡ [S0,t,St].

The current-value Hamiltonian of the simplified planning problem is:

Ht(Θt;St) ≡ −

(
κ+ c

∑
zt∈Z

θ1(zt)

)
S0,t + v(ϕt)

+∞∑
nt=1

∑
zt∈Z

ntSnt,t(zt)
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−
+∞∑
nt=1

∑
zt∈Z
C(nt; zt, ϕt)Snt,t(zt)− c

+∞∑
nt=1

∑
zt∈Z

θnt+1,t(zt)Snt,t(zt)

+ φt

[
1−

+∞∑
nt=1

∑
zt∈Z

ntSnt,t(zt)−
+∞∑
nt=1

∑
zt∈Z

θnt+1,t(zt)Snt,t(zt)− S0,t

∑
zt∈Z

θ1,t(zt)

]

+ ψ0,t

[
δf

+∞∑
nt=1

∑
zt∈Z

Snt,t(zt) + δc
∑
zt∈Z

S1,t(zt)−
∑
ze∈Z

πz(z
e)η
(
θ1,t(z

e)
)
S0,t

]

+
∑
zt∈Z

{
ψ1,t(zt)

[
πz(zt)η

(
θ1,t(zt)

)
S0,t + 2δcS2,t(zt) +

∑
z̃ 6=zt

λz(zt|z̃)S1,t(z̃)

−
(
δf + δc + η

(
θ2,t(zt)

)
+
∑
z̃ 6=zt

λz(z̃|zt)
)
S1,t(zt)

]

+

+∞∑
nt=2

ψnt,t(zt)

[
η
(
θnt,t(zt)

)
Snt−1,t(zt) + (nt + 1)δcSnt+1,t(zt) +

∑
z̃ 6=zt

λz(zt|z̃)Snt,t(z̃)

−
(
δf + ntδc + η

(
θnt+1,t(zt)

)
+
∑
z̃ 6=zt

λz(z̃|zt)
)
Snt,t(zt)

]}
+ ϑtS0,t

where ψn,t(z) ≥ 0, n ≥ 1 (respectively, ψ0,t ≥ 0) is the co-state variable on the flow equation for

Sn,t(z) (respectively, S0,t); φt ≥ 0 is the multiplier on (B.2.5); and ϑt ≥ 0 is the multiplier on the non-

negative entry condition, where the corresponding complementary slackness hold. In vector notation, the

necessary conditions for optimality are:

∇ΘHt(Θt; St) = 0

∇SHt(Θt; St) = −∇tψt + rψt

where ∇ denotes the gradient operator, and ψt is a stacked vector of co-state variables. These

conditions are also sufficient because the Hamiltonian is quasi-concave. Indeed, the objective function is

linear in both control and state variables, and because of Assumption 1 establishing concavity of η, all

the constraints are concave in the control and linear in the states.

Regarding the first set of optimality conditions, for given zt ∈ Z we have:

[θ1] : φt + c =
(
ψ1,t(zt)− ψ0,t

)
πz(zt)

∂η(θ)

∂θ

∣∣∣
θ=θ1,t(zt)

(B.2.6a)

[θn : n ≥ 2] : φt + c =
(
ψnt,t(zt)− ψnt−1,t(zt)

)∂η(θ)

∂θ

∣∣∣
θ=θnt,t(zt)

(B.2.6b)

As for the second set of conditions, we have:

[S0] : −∂tψ0,t + rψ0,t = −κ−
(
φt + c

) ∑
zt∈Z

θ1(zt) (B.2.7a)
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+
∑
ze∈Z

πz(z
e)η
(
θ1,t(z

e)
)
ψ1,t(z

e)− ψ0,t

∑
ze∈Z

πz(z
e)η
(
θ1,t(z

e)
)

+ ϑt

[Snt(zt)] : −∂tψnt,t(zt) + rψnt,t(zt) = nt
(
v(ϕt)− φt

)
−
(
φt + c

)
θnt+1,t(zt)− C(nt, zt;ϕt)

+ δf

(
ψ0,t − ψnt,t(zt)

)
+ ntδc

(
ψnt−1,t(zt)− ψnt,t(zt)

)
(B.2.7b)

+ η
(
θnt+1(zt)

)(
ψnt+1,t(zt)− ψnt,t(zt)

)
+
∑
z̃∈Z

λz(z̃|zt)
(
ψnt,t(z̃)− ψnt,t(zt)

)
for given zt ∈ Z, where in the last line we have used that λz(z|z) = −

∑
z̃ 6=z λz(z̃|z) for all z ∈ Z,

by the properties of the Markov chain. To show that a block-recursive equilibrium with non-negative

entry of sellers satisfies the optimality conditions of the planner, we may choose the co-state variables

of the planning problem appropriately. By equations (B.2.7a)-(B.2.7b), the co-state variables can be

represented as HJB equations. Equations (B.2.6a)-(B.2.6b) are the corresponding first order conditions

of those equations. Therefore, it suffices to find the values of the multipliers for which the HJB equations

of the planner coincide with the joint surplus problem of the decentralized allocation.

Pick a decentralized equilibrium allocation
{
Wn(z, ϕ), xn(z, ϕ), θn(z, ϕ), UB(ϕ) : (n, z, ϕ) ∈ N× Z ×

Φ
}

, and consider the following realizations for each multiplier:

φt(ϕ
t) = rUB(ϕt)

ψ0,t(ϕ
t) = 0

∀nt, zt : ψnt,t(zt, ϕ
t) = Wnt(zt, ϕt)− ntUB(ϕt)

Under this guess, notice that ∂tψ0,t = ∂tψn,t(zt) = 0, ∀n ≥ 1. Moreover, the multipliers depend only

on the current realization of the aggregate state, and not the entire history. Further, for a sufficiently

low value of κ, we can impose strictly positive entry and therefore ϑt = 0, ∀t. Plugging these guesses into

(B.2.7b), after some simple algebra we obtain:

(r + δf )Wnt(zt, ϕt) = nt

(
v(ϕt) + (δf + δc)U

B(ϕt)
)
− C(nt, zt;ϕt)

−
[(
rUB(ϕt) + c

)
θnt+1,t(zt) + η

(
θnt+1(zt)

)
UB(ϕt)

]
+ ntδc

(
Wnt−1(zt, ϕt)−Wnt(zt, ϕt)

)
+ η
(
θnt+1(zt)

)(
Wnt+1(zt, ϕt)−Wnt(zt, ϕt)

)
+
∑
z̃∈Z

λz(z̃|zt)
(
Wnt(z̃, ϕt)−Wnt(zt, ϕt)

)
The last equation resembles the maximized HJB equation for the joint surplus (equation (5)) except

for the term in square brackets on the second line. Using that η(θ) = θµ(θ) and xn+1(z, ϕ) = UB(ϕ) +
rUB(ϕ)+c
µ(θn+1(z,ϕ)) by inactive buyers’ indifference, this term can be written as:

(
rUB(ϕt) + c

)
θnt+1,t(zt) + η

(
θnt+1(zt)

)
UB(ϕt) = η (θnt+1,t(zt, ϕt))xnt+1,t(zt, ϕt) (B.2.8)

Grouping terms, we will then recognize the value of the joint surplus in the decentralized solution,
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equation (5). Similarly, plugging the guess for the multipliers into (B.2.7a), we obtain:

κ = −
(
rUB(ϕt) + c

) ∑
zt∈Z

θ1(zt) +
∑
ze∈Z

πz(z
e)η
(
θ1,t(z

e)
)(
W1(ze)− UB(ϕt)

)
A final manipulation using (B.2.8) again then allows us to obtain the free entry condition in the

decentralized allocation, equation (8). Summing up, under an appropriate choice of the co-states, the

planner’s solution is equivalent to the problem of the decentralized economy. Hence, the equilibrium is

constrained-efficient. �

B.3 Proof of Proposition 3: Joint Surplus Solution

Proof. The equilibrium allocation is composed of sequences:

{
Wn(z, ϕ), xn(z, ϕ), θn(z, ϕ), pn(z, ϕ) : (n, z, ϕ) ∈ N×Z × Φ

}
satisfying equations (5), (7), and (9), where the free entry condition (8) pins down x1 and the first-order

condition (6) pins down xn given xn−1, n ≥ 2, for any ϕ ∈ Φ. Using µ(θ) = θγ−1, γ ∈ (0, 1), equation (7)

defines the following equilibrium mapping:

θ : (x;ϕ) 7→
(
x− UB(ϕ)

ΓB(ϕ)

) 1
1−γ

(B.3.1)

Some algebra shows that equation (6) can be written as:

Wn+1(z, ϕ)−Wn(z, ϕ)− xn+1(z, ϕ) =
1− γ
γ

(
xn+1(z, ϕ)− UB(ϕ)

)
(B.3.2)

One can also write this condition as:

xn+1(z, ϕ)− UB(ϕ) = γ
(
Wn+1(z, ϕ)−Wn(z, ϕ)− UB(ϕ)

)
showing that the buyer absorbs a fraction γ of the marginal gains from matching. Next, define:

ΓSn(z, ϕ) ≡ (r+δf )Wn(z, ϕ)−πn(z, ϕ)+nδc

(
Wn(z, ϕ)−Wn−1(z, ϕ)

)
−n(δc+δf )UB(ϕ)−Ξn(z, ϕ) (B.3.3)

where πn(z, ϕ) ≡ nv(ϕ)−C(n; z, ϕ) is the flow joint surplus, and Ξn(z, ϕ) ≡
∑

z′∈Z λz(z
′|z)Wn(z′, ϕ)+∑

ϕ′∈Φ λϕ(ϕ′|ϕ)Wn(z, ϕ′) is the expected value of the joint surplus across exogenous states. Next, note:

ΓSn(z, ϕ) = η
(
θn+1(z, ϕ)

)(
Wn+1(z, ϕ)−Wn(z, ϕ)− xn+1(z, ϕ)

)
=

(
1− γ
γ

)
η
(
θn+1(z, ϕ)

)(
xn+1(z, ϕ)− UB(ϕ)

)
=

(
1− γ
γ

)
θn+1(z, ϕ)ΓB(ϕ)
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where the first line uses the HJB equation for the joint surplus (equation (5)), the second line uses

(B.3.2), and the third line uses (B.3.1) and η(θ) = θµ(θ). The right-hand side of the first equality allows

us to interpret ΓS as the expected match surplus for the seller (see main text). Using the last equality,

we have found the market tightness:

θn+1(z, ϕ) =

(
γ

1− γ

)
ΓSn(z, ϕ)

ΓB(ϕ)
(B.3.4)

for all n ≥ 1. Finally, we can write (B.3.2) as:

Wn+1(z, ϕ)−Wn(z, ϕ) = UB(ϕ) +
1

γ

(
xn+1(z, ϕ)− UB(ϕ)

)
= UB(ϕ) +

1

γ
ΓB(ϕ)θn+1(z, ϕ)1−γ

Using (B.3.4) and rearranging terms, we obtain:

Wn+1(z, ϕ) = Wn(z, ϕ) + UB(ϕ) +

(
ΓB(ϕ)

γ

)γ (
ΓSn(z, ϕ)

1− γ

)1−γ

(B.3.5)

our desired result. �

B.4 Proof of Proposition 4: Invariant Distribution

Proof. Let
{
θn(z, ϕ) : (n, z, ϕ) ∈ N ×Z ×Φ

}
be an equilibrium collection of market tightness levels,

where N = {1, . . . , n}, and n < +∞ is a large integer. In matrix notation, for each aggregate state

ϕ ∈ Φ, equations (A.1.3)-(A.1.4) in Appendix A.1 can be written succinctly as:

∂tSt(ϕ) = TϕSt(ϕ) (B.4.1)

where St(ϕ) ≡
(
S0,t(ϕ),S>1,t, . . . ,S

>
n,t

)>
, with Sn,t ≡

(
Sn,t(z1), . . . , Sn,t(zkz)

)>
, kz ≡ |Z|, and Tϕ is

the partitioned matrix:

Tϕ ≡



t11 δef + δec δef δef · · · δef δef δef

ηe1(ϕ)> D1(ϕ) δ2,c 0kz :kz · · · 0kz :kz 0kz :kz 0kz :kz

0kz :1 η2(ϕ) D2(ϕ) δ3,c · · · 0kz :kz 0kz :kz 0kz :kz

...
...

...
...

. . .
...

...
...

0kz :1 0kz :kz 0kz :kz 0kz :kz · · · Dn−2(ϕ) δn−1,c 0kz :kz

0kz :1 0kz :kz 0kz :kz 0kz :kz · · · ηn−1(ϕ) Dn−1(ϕ) δn,c

0kz :1 0kz :kz 0kz :kz 0kz :kz · · · 0kz :kz ηn(ϕ) Dn(ϕ)


where t11 ≡ −

∑
z πz(z)η(θ1(z, ϕ)) is a scalar, 0p:q denotes a p× q matrix of zeros, and Tϕ is a K×K

square matrix, where K ≡ 1 + nkz. Further, we have defined the 1× kz row vectors:

δef ≡
(
δf , . . . , δf

)
; δec ≡

(
δc, . . . , δc

)
; ηe1(ϕ) ≡

(
πz(z1)η

(
θ1(z1, ϕ)

)
, . . . , πz(zkz)η

(
θ1(zkz , ϕ)

))
;
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and the kz × kz matrices:

∀n = 2, . . . , n : δn,c ≡ diag
(
nδc, . . . , nδc

)
;

ηn(ϕ) ≡ diag
(
η
(
θn(z1, ϕ)

)
, . . . , η

(
θn(zkz , ϕ)

))
;

∀n = 1, . . . , n : Dn(ϕ) ≡


dn(z1, ϕ) λz(z1|z2) . . . λz(z1|zkz)
λz(z2|z1) dn(z2, ϕ) . . . λz(z2|zkz)

...
...

. . .
...

λz(zkz |z1) λz(zkz |z2) . . . dn(zkz , ϕ)


where diag(.) denotes a diagonal matrix, and the diagonal elements of Dn(ϕ) are given by:

dn(zj , ϕ) ≡

−
(
δf + nδc + η

(
θn+1(zj , ϕ)

)
+
∑

`6=j λz(z`|zj)
)

for n = 1, . . . , n− 1

−
(
δf + nδc +

∑
` 6=j λz(z`|zj)

)
for n = n

System (B.4.1) describes an irreducible Markov chain, as any state (n′, z′) ∈ N × Z can be reached

almost surely from some (n, z) 6= (n′, z′). Moreover, the Markov chain is aperiodic. These properties, plus

the fact that the state space is finite, guarantee that the Markov chain is ergodic. Therefore, by Theorem

11.2 of Stokey and Lucas (1989), the system converges to a unique steady-state distribution S∗(ϕ), for

each ϕ ∈ Φ.

For the analytical characterization, note that the transition matrix Tϕ is constant, so we can solve

the differential equation (B.4.1) directly. The solution is:

St(ϕ) = eTϕtS0(ϕ)

where the initial distribution S0(ϕ) ∈ RK+ is given. To compute eTϕt, consider the eigenvalue de-

composition Tϕ = EϕΛϕE−1
ϕ , where Λϕ ≡

(
λ1(ϕ), . . . , λK(ϕ)

)
is the diagonal matrix of eigenvalues,

and Eϕ collects the corresponding eigenvectors. Defining Zt(ϕ) ≡ E−1
ϕ St(ϕ), then ∂tZt(ϕ) = ΛϕZt(ϕ),

and because Λϕ is a diagonal matrix, we can solve this differential equation element-by-element, i.e.

∂tZi,t(ϕ) = λi(ϕ)Zi,t(ϕ) for each i = 1, . . . ,K. This is a simple system of ODEs with solution:

Zi,t(ϕ) = cie
λi(ϕ)t, i = 1, . . . ,K

where ci ∈ R is the constant of integration. Since St(ϕ) = EϕZt(ϕ), we have obtained:

St(ϕ) =
K∑
i=1

cie
λi(ϕ)tvi (B.4.2)

where vi is the K × 1 eigenvector associated to the i-th eigenvalue. Therefore, the stability of system

(B.4.2) as t→ +∞ depends on the sign of the eigenvalues of Tϕ. The trace of Tϕ is:

12



tr(Tϕ) =
K∑
i=1

λi(ϕ) = −
kz∑
j=1

πz(zj)η(θ1(zj , ϕ)) +
n∑
n=1

kz∑
j=1

dn(zj) < 0

The trace being unambiguously negative means that there is at least one negative eigenvalue, if not

more. Letting 1 ≤ ` ≤ K denote the number of negative eigenvalues, and re-ordering the eigenvalues

from small to large with no loss of generality, we can then impose cj = 0, ∀j ∈ {`+ 1, `+ 2, . . . ,K}, on

equation (B.4.2), and let t→ +∞ to find the stable solution. That is:

S∗(ϕ) = lim
t→+∞

∑̀
j=1

cje
λj(ϕ)tvj ∈ RK+

is the unique invariant distribution of sellers in state ϕ ∈ Φ. �

C Price Discrimination

The assumption of no price discrimination across different customers is not key to generate firm

dynamics. In this section, we show that, so long as we maintain the assumption of dynamic contracts

with commitment, our model still generates these dynamics as well as cross-sectional dispersion.

If sellers were to use prices as their only instrument for customer attraction (instead of recursive

contracts with price-utility pairs), an equilibrium with price discrimination across customers of different

tenures would look similar to that of Gourio and Rudanko (2014): firms would attract customers by

offering an instantaneous discount on the valuation v, and extract all surplus by charging v immediately

after the customer joins the seller, and until separation. However, imposing price discrimination in our

model does not lead to this prediction. This is because sellers must still trade off static payoffs coming

from the current price with dynamic ones coming from the promised utilities.

Importantly, under price discrimination, tractability is preserved along several important dimensions:

(i.) The seller’s and the join surplus problems are equivalent;

(ii.) The joint surplus is constant in the distribution of contracts across customers;

(iii.) As a novelty, there is equilibrium price indeterminacy.

Properties (i.) and (ii.) allow us to solve the model using a similar approach to the one used for

the baseline model. Property (iii.) implies that there exist multiple equilibria in prices. These equilibria

feature price dispersion both within and across sellers.

Let us discuss these results more formally. For this, we must extend our baseline framework to allow

for discrimination across buyers within the seller. Let ωi =
{
pi,x

′
i(n
′; s′)

}
be the contract offered to the

typical customer i = 1, . . . , n, which is composed of an individual-specific price level pi, and a personalized

menu of continuation utilities x′i(n
′; s′), one for each n′ ∈ {n − 1, n, n + 1} and s′ ∈ {(z′, ϕ), (z, ϕ′)}. A

seller is characterized by the collection {xi}ni=1 of outstanding promises, and must choose: (i) a menu of

contracts {ωi}ni=1 for the n current customers; and (ii) a starting promised utility x′0 ∈ R for the new

(n+ 1)-th incoming customer (if there is any). The HJB equation for the seller now reads:
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rV S
(
n,
{
xi
}n
i=1

; z, ϕ
)

= max
x′0,{ωi}ni=1

{
n∑
i=1

pi − C(n; z, ϕ) + δf

(
V S

0 (ϕ)− V S
(
n,
{
xi
}n
i=1

; z, ϕ
))

+ δc

n∑
j=1

(
V S
(
n− 1,

{
x′i(n− 1; z, ϕ)

}n
i=1
\−
{
x′j(n− 1; z, ϕ)

}
; z, ϕ

)
− V S

(
n,
{
xi
}n
i=1

; z, ϕ
))

+ η
(
θ(x′0;ϕ)

)(
V S
(
n+ 1,

{
x′i(n+ 1; z, ϕ)

}n
i=1
∪+

{
x′0
}

; z, ϕ
)
− V S

(
n,
{
xi
}n
i=1

; z, ϕ
))

+
∑
z′∈Z

λz(z
′|z)
(
V S
(
n,
{
x′i(n; z′, ϕ)

}n
i=1

; z′, ϕ
)
− V S

(
n,
{
xi
}n
i=1

; z, ϕ
))

+
∑
ϕ′∈Φ

λϕ(ϕ′|ϕ)

(
V S
(
n,
{
x′i(n; z, ϕ′)

}n
i=1

; z, ϕ′
)
− V S

(
n,
{
xi
}n
i=1

; z, ϕ
))}

where \− and ∪+ are multiset difference and union operators.2 The most important differences relative

to the baseline model (equation (3a)) have been highlighted in blue. Now, when a customer i = 1, . . . , n

separates, the vector of promised utilities shrinks in cardinality and the customers that remain matched

obtain the new promise x′i(n− 1; z, ϕ). The seller attracts new buyers by offering a starting utility x′0 to

the entering customer. The promise-keeping constraint now reads:

∀i = 1, . . . , n : xi ≤ V B(n,ωi; z, ϕ)

for all (z, ϕ) ∈ Z ×Φ, establishing that the seller commits to each and every customer. We then solve

for the optimal menu of contracts by solving for the joint surplus problem:

Proposition C.1 (Joint Surplus Problem with Price Discrimination) In the economy with price

discrimination, the seller’s and the joint surplus problems are equivalent, in that:

(i) Given a menu of contracts ωi =
{
pi,x

′
i(n
′; s′)

}
for i = 1, . . . , n that maximize the seller’s value

subject to the promise-keeping constraint,
{
x′i(n

′; s′)
}n
i=1

maximizes:

W
(
n, {xi}ni=1; z, ϕ

)
≡ V S

(
n, {xi}ni=1; z, ϕ

)
+

n∑
i=1

xi;

(ii) Conversely, for every
{
x′i(n

′; s′)
}n
i=1

that maximizes W
(
n, {xi}ni=1; z, ϕ

)
, there exists a menu of

personalized price levels
{
pi
}n
i=1

such that the collection
{
pi,x

′
i(n
′; s′)

}n
i=1

constitutes a solution to

the seller’s problem.

Proof. The argument is conceptually similar to that of the baseline model (see Appendix B.1).

Let
{
x′0,
{
ωi
}n
i=1

}
be a generic policy for the seller, with ωi ≡

{
pi,x

′
i(n
′; s′)

}
and x′i(n

′; s′) =
{
x′i(n +

1; z, ϕ), x′i(n−1; z, ϕ), {x′i(n; z′, ϕ) : z′ ∈ Z}, {x′i(n; z, ϕ′) : ϕ′ ∈ Φ}
}

, for i = 1, . . . , n. The seller’s problem

can be written as:

2 These operators are defined by {a, b, b}\−{b} = {a, b} and {a, b}∪+ {b} = {a, b, b}, and they are needed here
because different customers may be promised the same valuation.
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V S
(
n,
{
xi
}n
i=1

; z, ϕ
)
≡ max

x′0,{ωi}ni=1

Ṽ S
(
n;x′0,

{
ωi
}n
i=1

; z, ϕ
)

s.t. xi ≤ V B(n,ωi; z, ϕ), ∀i = 1, . . . , n

where:

Ṽ S
(
n;x′0,

{
ωi
}n
i=1

; z, ϕ
)
≡ 1

ρ(n; z, ϕ)

[
n∑
i=1

pi − C(n; z, ϕ) (C.1)

+ δc

n∑
j=1

V S
(
n− 1,

{
x′i(n− 1; z, ϕ)

}n
i=1
\−
{
x′j(n− 1; z, ϕ)

}
; z, ϕ

)
+ η
(
θ(x′0;ϕ)

)
V S
(
n+ 1,

{
x′i(n+ 1; z, ϕ)

}n
i=1
∪+

{
x′0
}

; z, ϕ
)

+
∑
z′∈Z

λz(z
′|z)V S

(
n,
{
x′i(n; z′, ϕ)

}n
i=1

; z′, ϕ
)

+
∑
ϕ′∈Φ

λϕ(ϕ′|ϕ)V S
(
n,
{
x′i(n; z, ϕ′)

}n
i=1

; z, ϕ′
)]

is the value of the seller, with ρ(n; z, ϕ) ≡ r+ δf +nδc + η
(
θ(x′0;ϕ)

)
being the effective discount rate.

The value of buyer i = 1, . . . , n under this policy is:

rV B(n,ωi; z, ϕ) = v(ϕ)− pi + (δf + δc)
(
UB(ϕ)− V B(n,ωi; z, ϕ)

)
+ (n− 1)δc

(
x′i(n− 1; z, ϕ)− V B(n,ωi; z, ϕ)

)
+ η
(
θ(x′0;ϕ)

)(
x′i(n+ 1; z, ϕ)− V B(n,ωi; z, ϕ)

)
+
∑
z′∈Z

λz(z
′|z)
(
x′i(n; z′, ϕ)− V B(n,ωi; z, ϕ)

)
+
∑
ϕ′∈Φ

λϕ(ϕ′|ϕ)
(
x′i(n; z, ϕ′)− V B(n,ωi; z, ϕ)

)
Notice that the seller is re-optimizing after each size change. By monotonicity of preferences, the

promise-keeping constraint will bind for every customer:

xi = V B(n,ωi; z, ϕ), ∀i = 1, . . . , n

From this equation, we can solve for the promise-compatible price level to be charged to each customer

under the policy
{
x′0,
{
ωi
}n
i=1

}
:

pPKi

({
x′0, {x′j(n′; s′)}nj=1

})
= v(ϕ)− ρ(n; z, ϕ)xi + δfU

B(ϕ) (C.2)

+ δc

(
UB(ϕ) + (n− 1)x′i(n− 1; z, ϕ)

)
+ η
(
θ(x′0);ϕ

)
x′i(n+ 1; z, ϕ)

+
∑
z′∈Z

λz(z
′|z)x′i(n; z′, ϕ) +

∑
ϕ′∈Φ

λϕ(ϕ′|ϕ)x′i(n; z, ϕ′)

Importantly, note that the price level for a specific customer i is independent of the distribution of

utilities for all the other customers, that is:
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pPKi

({
x′0, {x′j(n′; s′)}j 6=i

}
∪+ {x′i(n′; s′)}

)
= pPKi

({
x′0, {x′φ(j)(n

′; s′)}φ(j)6=i
}
∪+ {x′i(n′; s′)}

)
for an arbitrary bisective function φ : {1, . . . , n} → {1, . . . , n}. Therefore, since the seller’s problem

internalizes the price level, the resulting maximization will be independent of the initial distribution of

utilities. Indeed, plugging (C.2) into (C.1) and performing some straightforward algebra we obtain:

W̃
(
n,
{
xi
}n
i=1

;x′0,
{
ωi
}n
i=1

; z, ϕ
)
≡ 1

ρ(n; z, ϕ)

[
n
(
v(ϕ) + (δf + δc)U

B(ϕ)
)
−
(
C(n; z, ϕ) + η

(
θ(x′0;ϕ)

)
x′0

)

+ δc

n∑
j=1

W
(
n− 1,

{
x′i(n− 1; z, ϕ)

}n
i=1
\−
{
x′j(n− 1; z, ϕ)

}
; z, ϕ

)
+ η
(
θ(x′0;ϕ)

)
W
(
n+ 1,

{
x′i(n+ 1)

}n
i=1
∪+

{
x′0
}

; z, ϕ
)

+
∑
z′∈Z

λz(z
′|z)W

(
n,
{
x′i(n; z′, ϕ)

}n
i=1

; z′, ϕ
)

+
∑
ϕ′∈Φ

λϕ(ϕ′|ϕ)W
(
n,
{
x′i(n; z, ϕ′)

}n
i=1

; z, ϕ′
)]

(C.3)

where we have defined:

W̃
(
n,
{
xi
}n
i=1

;x′0,
{
ωi
}n
i=1

; z, ϕ
)
≡ Ṽ S

(
n;x′0,

{
ωi
}n
i=1

; z, ϕ
)

+
n∑
i=1

xi

as the joint surplus under policy
{
x′0, {ωi}ni=1

}
, and:

W
(
n,
{
xi
}n
i=1

; z, ϕ
)
≡ max

x′0,{ωi}ni=1

W̃
(
n,
{
xi
}n
i=1

;x′0,
{
ωi
}n
i=1

; z, ϕ
)

as the maximized joint surplus. Importantly, it is still the case that the right-hand side of (C.3) does

not depend on the initial distribution of utilities {xi}ni=1, nor the distribution of prices {pi}ni=1, so we can

write the joint surplus under a given policy as:

W̃
(
n,
{
xi
}n
i=1

;x′0,
{
ωi
}n
i=1

; z, ϕ
)

= W̃n

(
x′0,
{
x′i(n

′; s′)
}n
i=1

; z, ϕ
)

This allows us to break up the optimal contracting problem into two separate stages. Where we

denote an optimal contract by
{
x′∗0 , {p∗i ,x′∗i (n′; s′)}ni=1

}
, we have:

{
x′∗0 , {x′∗i (n′; s′)}ni=1

}
= arg max W̃n

(
x′0,
{
x′i(n

′; s′)
}n
i=1

; z, ϕ
)

p∗i = pPKi

({
x′∗0 , {x′∗j (n′; s′)}nj=1

})
, ∀i = 1, . . . , n

Thus, the joint surplus and the seller’s problems are equivalent. �

The characterization of the equilibrium is also similar to the baseline model. First, by utility-
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invariance of the joint surplus we can write Wn(z, ϕ) = W
(
n,
{
xi
}n
i=1

; z, ϕ
)

, ∀(n, z, ϕ) ∈ N × Z × Φ.

Under the optimal policy, the joint surplus problem can then be written as follows:

(r + δf )Wn(z, ϕ) = max
x′0,{x′j(n−1;z,ϕ)}nj=1

{
n

(
v(ϕ) + (δf + δc)U

B(ϕ)

)
−
(
C(n; z, ϕ) + η

(
θ(x′0;ϕ)

)
x′0

)
+ nδc

(
Wn−1(z, ϕ)−Wn(z, ϕ)

)
+ η
(
θ(x′0;ϕ)

)(
Wn+1(z, ϕ)−Wn(z, ϕ)

)
+
∑
z′∈Z

λz(z
′|z)
(
Wn(z′, ϕ)−Wn(z, ϕ)

)
+
∑
ϕ′∈Φ

λϕ(ϕ′|ϕ)
(
Wn(z, ϕ′)−Wn(z, ϕ)

)}

The optimality condition for x′0 is:

∂η
(
θ(x′0;ϕ)

)
∂x′0

(
Wn+1(z, ϕ)−Wn(z, ϕ)

)
=
∂η
(
θ(x′0;ϕ)

)
∂x′0

x′0 + η
(
θ(x′0;ϕ)

)
similar to equation (6). By the usual arguments, the solution to this equation is unique. Denoting

the solution by x′0,n(z, ϕ), the law of motion for the seller of size nt at time t is then:

nt+∆ − nt =



1 w/prob. η
(
θ
(
x′0,nt(z, ϕ)

))
∆ + o(∆)

−1 w/prob. ntδc∆ + o(∆)

−nt w/prob. δf∆ + o(∆)

0 else

Therefore, we have found:

Corollary C.1 (Firm dynamics with price discrimination) In the model with price discrimina-

tion, the equilibrium features unique predictions for firm dynamics.

Although seller growth is pinned down uniquely, prices are not. Since any distribution of utilities (and

thus prices) among incumbents is compatible with optimality, there is now a multiplicity of contracts that

can be sustained in the optimal allocation.3 This is stated formally in the following proposition:

Proposition C.2 (Price Indeterminacy) There is a continuum of contracts
{
p∗i ,x

′∗
i (n′; s′)

}n
i=1

that:

(i) maximize the joint surplus, and (ii) leave both the buyers and the seller indifferent.

Proof. Pick ε ∈ R arbitrarily. The goal of the proof is to show that there is some βn(ϕ) > 0

(possibly a function of size and the aggregate state) for which, if a given contract with ωb =
{
pi +

εβn(ϕ),x′i(n
′; s′)+ε

}n
i=1

is optimal, then each customer and the seller maximize their value under contract

ωa =
{
pi,x

′
i(n
′; s′)

}n
i=1

. The value of contract ωbi for customer i = 1, . . . , n is:

rV B(n,ωbi ; z, ϕ) = v(ϕ)− pi − εβn(ϕ) + (δf + δc)
(
UB(ϕ)− V B(n,ωi; z, ϕ)

)
3 Additional equilibria may exist outside of the Markov-perfect equilibrium class. Here we only point out that

equilibrium uniqueness is lost in Markov Perfect equilibria when sellers can price-discriminate.
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+ (n− 1)δc

(
x′i(n− 1; z, ϕ) + ε− V B(n,ωbi ; z, ϕ)

)
+ η
(
θ(x′0(ϕ);ϕ)

)(
x′i(n+ 1; z, ϕ) + ε− V B(n,ωbi ; z, ϕ)

)
+
∑
z′∈Z

λz(z
′|z)
(
x′i(n; z′, ϕ) + ε− V B(n,ωi; z, ϕ)

)
+
∑
ϕ′∈Φ

λϕ(ϕ′|ϕ)
(
x′i(n; z, ϕ′) + ε− V B(n,ωi; z, ϕ)

)
= v(ϕ)− pi − ε

(
βn(ϕ)− (n− 1)δc − η

(
θ(x′0(ϕ);ϕ)

))
+ (δf + δc)

(
UB(ϕ)− V B(n,ωbi ; z, ϕ)

)
+ (n− 1)δc

(
x′i(n− 1; z, ϕ)− V B(n,ωbi ; z, ϕ)

)
+ η
(
θ(x′0(ϕ);ϕ)

)(
x′i(n+ 1; z, ϕ)− V B(n,ωbi ; z, ϕ)

)
+
∑
z′∈Z

λz(z
′|z)
(
x′i(n; z′, ϕ)− V B(n,ωbi ; z, ϕ)

)
+
∑
ϕ′∈Φ

λϕ(ϕ′|ϕ)
(
x′i(n; z, ϕ′)− V B(n,ωbi ; z, ϕ)

)
= rV B(n,ωai ; z, ϕ)− ε

(
βn(ϕ)− (n− 1)δc − η

(
θ(x′0(ϕ);ϕ)

))
where we have used

∑
z′ λz(z

′|z) =
∑

ϕ′ λϕ(ϕ′|ϕ) = 0. Thus, V B(n,ωai ) = V B(n,ωbi ) if, and only if:

βn(ϕ) = (n− 1)δc + η
(
θ(x′0(ϕ);ϕ)

)
(C.4)

As for the seller’s value, note that:

rV S
(
n,
{
xi
}n
i=1

; z, ϕ
)

= max
x′0(ϕ),{ωi}ni=1

{
n∑
i=1

pi + nεβn(ϕ)− C(n; z, ϕ) + δf

(
V S

0 (ϕ)− V S
(
n,
{
xi
}n
i=1

; z, ϕ
))

+ δc

n∑
j=1

(
V S
(
n− 1,

{
x′i(n− 1; z, ϕ) + ε

}n
i=1
\−
{
x′j(n− 1; z, ϕ) + ε

}
; z, ϕ

)
− V S

(
n,
{
xi
}n
i=1

; z, ϕ
))

+ η
(
θ(x′0(ϕ);ϕ)

)(
V S
(
n+ 1,

{
x′i(n+ 1; z, ϕ) + ε

}n
i=1
∪+

{
x′0(ϕ)

}
; z, ϕ

)
− V S

(
n, {xi}ni=1; z, ϕ

))
+
∑
z′∈Z

λz(z
′|z)
(
V S
(
n,
{
x′i(n; z′, ϕ) + ε

}n
i=1

; z′, ϕ
)
− V S

(
n,
{
xi
}n
i=1

; z, ϕ
))

+
∑
ϕ′∈Φ

λϕ(ϕ′|ϕ)

(
V S
(
n,
{
x′i(n; z, ϕ′) + ε

}n
i=1

; z, ϕ′
)
− V S

(
n,
{
xi
}n
i=1

; z, ϕ
))}

= max
x′0(ϕ),{ωi}ni=1

{
n∑
i=1

pi + nεβn(ϕ)− C(n; z, ϕ) + δf

(
V S

0 (ϕ)− V S
(
n,
{
xi
}n
i=1

; z, ϕ
))

+ δc

n∑
j=1

(
Wn−1(z, ϕ)−

∑
i 6=j

x′i(n− 1; z, ϕ)− (n− 1)ε− V S
(
n,
{
xi
}n
i=1

; z, ϕ
))

+ η
(
θ(x′0(ϕ);ϕ)

)(
Wn+1(z, ϕ)−

n∑
i=1

x′i(n+ 1; z, ϕ)− x′0 − nε− V S
(
n, {xi}ni=1; z, ϕ

))

+
∑
z′∈Z

λz(z
′|z)
(
Wn(z′, ϕ)−

n∑
i=1

x′i(n; z′, ϕ)− nε− V S
(
n,
{
xi
}n
i=1

; z, ϕ
))

+
∑
ϕ′∈Φ

λϕ(ϕ′|ϕ)

(
Wn(z, ϕ′)−

n∑
i=1

x′i(n; z, ϕ′)− nε− V S
(
n,
{
xi
}n
i=1

; z, ϕ
))}

= rV S
(
n,
{
xi
}n
i=1

; z, ϕ
)

+ nε
(
βn(ϕ)− (n− 1)δc − η

(
θ(x′0(ϕ);ϕ)

))

18



where we have used the definition of W in the second equality. Thus, by equation (C.4), the seller is

also indifferent. In sum, contract {ωai }ni=1 is optimal if, and only if, {ωbi }ni=1 is optimal. Generally, there

is a continuum of optimal contracts, indexed by ε. �

Note that the Gourio and Rudanko (2014) pricing strategy can be seen as one of the multiple equilibria

of the model, in which:

x′i(n; z, ϕ) = UB(ϕ), ∀i = 1, . . . , n, ∀(n, z, ϕ) ∈ N×Z × Φ

which, by equation (C.2), implies that pi = v, ∀i = 1, . . . , n. In this case, x′0 plays the role of a price

discount relative to valuation for the incoming customer, who will be charged a fixed price of v thereafter.

D Numerical Appendix

D.1 Numerical Implementation of the Exogenous Processes

This appendix shows how to parameterize and estimate (z, ϕ) as continuous-time Markov chain

(CTMC) processes. The same structure applies to both shocks, so let us consider just the idiosyncratic

shock (z).

The kz × kz infinitesimal generator matrix Λz to be estimated is:

Λz =


−
∑

j 6=1 λ1j λ12 . . . λ1kz

λ21 −
∑

j 6=2 λ2j . . . λ2kz
...

...
. . .

...

λkz1 λkz2 . . . −
∑

j 6=kz λkzj


where λij > 0 is short-hand for λz(zj |zi), zi, zj ∈ Z. This level of generality would require the

estimation of kz(kz − 1) transition rates, which is potentially a very large number. Therefore, we reduce

the parameter space by specializing the CTMC as follows:

• First, we assume z follows a driftless Ornstein-Uhlenbeck process in logs. This process is a type

of mean-reverting and autoregressive CTMC which can be loosely viewed as the continuous-time

analogue of an AR(1). Formally:

d log(zt) = −ρz log(zt)dt+ σzdBt

where Bt is a standard Brownian motion, and ρz, σz > 0 are parameters.

• Operationally, in the numerical version of the model in which time is partitioned and takes values

in a grid T = {∆, 2∆, 3∆, . . . }, we use the Euler-Maruyama method, that is:

log(zk) = (1− ρz∆) log(zk−1) + σz
√

∆εzk, εzk ∼ iid N (0, 1) (D.1)
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for each k ∈ T. This is an AR(1) processes with autocorrelation ρ̃z ≡ 1 − ρz∆ and variance
σ2
z

ρz(1 + ρ̃z)
. Thus, ρz > 0 controls for the degree of mean-reversion, with lower values corresponding

to higher persistence.

• The discrete-time process (D.1) is, in turn, estimated using the Tauchen (1986) method, with a

discrete-state Markov chain that we define on the theoretical grid, Z. The outcome of this method

are estimates for (ρz, σz), and a transition probability matrix Πz =
(
πij
)
, where πij denotes the

probability of a zi-to-zj transition in the T space.

• For the mapping back into continuous time, we use the fact that, for small enough ∆ > 0, transition

probabilities (the π’s) are well approximated by transition rates (the λ’s) in the following sense:

∀i = 1, . . . , kz : πij ≈ ∆λij , ∀j 6= i and πii ≈ 1−∆
∑
j 6=i

λij

D.2 Stationary Solution Algorithm

To solve for the stationary equilibrium, we implement the following procedure:

• First, we solve the maximization of the joint surplus function using a value function iteration (VFI)

algorithm, under a guess for UB.

• To update UB, we check that the free entry condition is satisfied. Combining equations (1) and

(8), we can write the free entry condition as:

κ =
∑
z0∈Z

πz(z0)

{
η ◦ µ−1

(
ΓB(ϕ)

x′1(z0, ϕ)− UB(ϕ)

)(
W1(z0, ϕ)− x′1(z0, ϕ)

)}

To find UB, we use a bisection method: increase (or decrease) UB if there are too many (or too

few) entering sellers.

Throughout, the state space grid is fixed at N × Z × Φ, where N = {1, . . . , n̄}, Z = {zi}kzi=1, and

Φ = {ϕj}
kϕ
j=1. The following describes the steps of the algorithm:

Step 1. Set the counter to k = 0. Choose guesses U (0)(ϕ) and U
(0)

(ϕ) � U (0)(ϕ) for each

ϕ ∈ Φ. Set the value of inactivity to:

UB(0)(ϕ) =
1

2

(
U (0)(ϕ) + U

(0)
(ϕ)
)

Step 2. For any given k ∈ N and n ∈ N , use VFI to find the fixed point W
(k)
n (z, ϕ) of:

(r + δf )W (k)
n (z, ϕ) = n

(
v(ϕ) + (δf + δc)U

B(k)(ϕ)
)
− C(n; z, ϕ) + nδc

(
W

(k)
n−1(z, ϕ)−W (k)

n (z, ϕ)
)
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+ max
x′n+1

{
η ◦ µ−1

(
ΓB(k)(ϕ)

x′n+1 − UB(k)(ϕ)

)(
W

(k)
n+1(z, ϕ)−W (k)

n (z, ϕ)− x′n+1

)}
+
∑
z′∈Z

λz(z
′|z)
(
W (k)
n (z′, ϕ)−W (k)

n (z, ϕ)
)

+
∑
ϕ′∈Φ

λϕ(ϕ′|ϕ)
(
W (k)
n (z, ϕ′)−W (k)

n (z, ϕ)
)

where ΓB(k) = c + rUB(k)(ϕ) −
∑

ϕ′∈Φ λϕ(ϕ′|ϕ)
(
UB(k)(ϕ′) − UB(k)(ϕ)

)
. Store the

corresponding policy functions as
{
x
′(k)
n+1(z, ϕ) : (n, z, ϕ) ∈ N × Z × Φ

}
.

Step 3. For each ϕ ∈ Φ, compute the object:

∆(k)(ϕ) ≡ κ−
∑
z0∈Z

πz(z0)

{
η ◦ µ−1

(
ΓB(k)(ϕ)

x
′(k)
1 (z0, ϕ)− UB(k)(ϕ)

)(
W

(k)
1 (z0, ϕ)− x′(k)

1 (z0, ϕ)
)}

Stop if ∆(k)(ϕ) ∈ [−ε, ε], ∀ϕ ∈ Φ, for some small ε > 0. Otherwise, set:

UB(k+1)(ϕ) =
1

2

(
U (k+1)(ϕ) + U

(k+1)
(ϕ)
)

for each ϕ ∈ Φ, where:

(a) If ∆(k)(ϕ) > ε, then U (k+1)(ϕ) = U (k)(ϕ) and U
(k+1)

(ϕ) = UB(k)(ϕ);

(b) If ∆(k)(ϕ) < −ε, then U (k+1)(ϕ) = UB(k)(ϕ) and U
(k+1)

(ϕ) = U
(k)

(ϕ);

and go back to Step 2. with [k]← [k + 1].

The VFI algorithm of Step 2 is guaranteed to converge because, given a UB, the joint surplus is a

contraction and therefore has a unique fixed point. (For a proof of this statement, see Appendix D.3).

D.3 Existence of the Joint Surplus Function, given UB

This section shows that there exists a unique joint surplus W , for each given UB. First, we define

the relevant functional space. Recall that the state space is N ×Z ×Φ = {1, . . . , n̄}× {zi}kzi=1×{ϕj}
kϕ
j=1.

Definition D.1 Let W be a closed and bounded subspace of vector-valued functions W : N ×Z×Φ→ R,

with the following properties:

1. Increasing in n, i.e. Wn+1(z, ϕ) > Wn(z, ϕ), ∀n ∈ N .

2. Constant at the upper bound of N , i.e. Wn(z, ϕ) = Wn+1(z, ϕ).

For a given UB, the joint surplus can be written as follows:

(r + δf )Wn(z, ϕ) = max
x′(n′,z′,ϕ′)

{
n

(
v(ϕ) + (δf + δc)U

B(ϕ)

)
−

(
C(n; z, ϕ) + ψ

(
x′(n+ 1, z, ϕ);ϕ

)
x′(n+ 1, z, ϕ)

)

21



+ nδc

(
Wn−1

(
z, ϕ

)
−Wn(z, ϕ)

)
+ ψ

(
x′(n+ 1; z, ϕ);ϕ

)(
Wn+1

(
z, ϕ

)
−Wn(z, ϕ)

)
+
∑
z′∈Z

λz(z
′|z)
(
Wn

(
z′, ϕ

)
−Wn(z, ϕ)

)
+
∑
ϕ′∈Φ

λϕ(ϕ′|ϕ)
(
Wn

(
z, ϕ′

)
−Wn(z, ϕ)

)}
(D.1)

where we have used the short-hand notation:

ψ(x;ϕ) ≡ η ◦ µ−1

(
ΓB(ϕ)

x− UB(ϕ)

)
Equation (D.1) is a continuous-time recursive problem. In order to use dynamic programming meth-

ods, we first need to transform the problem into an amenable form that allows us to use Blackwell’s

Theorem. We do this by a so-called uniformization method.4 In short, the objective of this method is to

construct a set of transition probabilities that mimic those of the continuous-time specification.

For a given vector of current states γ ≡ (n, z, ϕ), define Γ′ ≡ {0, n − 1, n + 1} × Z × Φ as the set of

possible future states. Let ζ ≡
{
x′(n′, z′, ϕ′) : (n′, z′, ϕ′) ∈ Γ′

}
⊆ X denote a set of policies, and Pγ,γ′(ζ)

denote the probability of a γ-to-γ ′ transition under policy ζ. Moreover, let qγ(ζ) be the vector of Markov

transition rates for a fixed γ. Then, we have:

Pγ,γ′(ζ) ≡ 1

qγ(ζ)
·



ψ
(
x′(n+ 1, z, ϕ);ϕ

)
for γ ′ = (n+ 1, z, ϕ)

nδc for γ ′ = (n− 1, z, ϕ)

δf for γ ′ = (0, z, ϕ)

λz(z
′|z) for γ ′ = (n, z′, ϕ), any z′ 6= z

λϕ(ϕ′|ϕ) for γ ′ = (n, z, ϕ′), any ϕ′ 6= ϕ

and

qγ(ζ) ≡ ψ
(
x′(n+ 1, z, ϕ);ϕ

)
+ nδc + δf +

∑
z′ 6=z

λz(z
′|z) +

∑
ϕ′ 6=ϕ

λϕ(ϕ′|ϕ)

Since the state space is bounded, there exists a qS < +∞ for which qγ(ζ) < qS , for all states γ, given

ζ. Therefore, we can think of transitions actually occurring at rate q, with a fraction qγ(ζ)/q of them

being actual transitions out of state γ, and the remainder being “fictitious” transitions of the state γ

into itself. Thus, we may represent the Markov chain with the following transition probabilities:

P̃γ,γ′(ζ) ≡


qγ(ζ)

q
Pγ,γ′(ζ) for γ ′ 6= γ

1− qγ(ζ)

q
otherwise

Finally, define the discount factor as β ≡ q
r+q , and the per-period payoff function in state (n, z, ϕ) as:

4 See Ross (1996), Section 5.8. For an application in economics, see Acemoglu and Akcigit (2012).
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Π̃n(z, ϕ; ζ) ≡ 1

q

[
n
(
v(ϕ) + (δf + δc)U

B(ϕ)
)
−
(
C(n; z, ϕ) + ψ

(
x′(n+ 1, z, ϕ);ϕ

)
x′(n+ 1, z, ϕ)

)]
We can now state the dynamic optimization problem (D.1) in discretized form:

Wn(z, ϕ) = max
ζ⊆X

{
Π̃n(z, ϕ; ζ) + β

∑
γ′∈Γ′

P̃γ,γ′(ζ)Wn′(z
′, ϕ′)

}
(D.2)

We are now ready to prove the main result:

Lemma D.1 For any (n, z, ϕ) ∈ N × Z × Φ, the joint surplus problem (D.1) admits a unique solution.

That is, the mapping T :W →W defined by:

T.Wn(z, ϕ) = max
ζ⊆X

{
Π̃n(z, ϕ; ζ) + β

∑
γ′∈Γ′

P̃γ,γ′(ζ)Wn′(z
′, ϕ′)

}
has a fixed point T.Wn(z, ϕ) = Wn(z, ϕ).

Proof. T is a well-defined mapping from W to W. We want to show that it defines a contraction.

Since W is closed and ζ takes values in a compact set, the contraction property will be enough to invoke

Banach’s Fixed Point theorem. Hence, we check that T satisfies monotonicity and discounting.

• Monotonicity: Take Wa,Wb ∈ W such that W a
n (z, ϕ) ≤ W b

n(z, ϕ), ∀(n, z, ϕ) ∈ N × Z × Φ.

Denote the corresponding optimal policies by:

ζ̂i ≡ arg max
ζ

{
Π̃n(z, ϕ; ζ) + β

∑
γ′∈Γ′

P̃γ,γ′(ζ)W i
n′(z

′, ϕ′)

}

for each i = a, b. Then:

T.W b
n(z, ϕ) ≥ Π̃n(z, ϕ; ζ̂a) + β

∑
γ′∈Γ′

P̃γ,γ′(ζ̂a)W b
n′(z

′, ϕ′)

≥ Π̃n(z, ϕ; ζ̂a) + β
∑
γ′∈Γ′

P̃γ,γ′(ζ̂a)W a
n′(z

′, ϕ′)

= T.W a
n (z, ϕ)

for any (n, z, ϕ) ∈ N ×Z ×Φ, where the first inequality follows by optimality, and the second one

follows from Wa ≤Wb.

• Discounting: Let a ≥ 0 and W ∈ W, and denote the optimal policy by ζ̂. Since a is a constant,

we have that:
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T.
[
W + a

]
n
(z, ϕ) = Π̃n(z, ϕ; ζ̂) + β

∑
γ′∈Γ′

P̃γ,γ′(ζ̂)
(
Wn′(z

′, ϕ′) + a
)

= Π̃n(z, ϕ; ζ̂) + β
∑
γ′∈Γ′

P̃γ,γ′(ζ̂)Wn′(z
′, ϕ′) + aβ

= T.Wn(z, ϕ) + aβ

for any (n, z, ϕ) ∈ N × Z × Φ. Since β < 1, discounting obtains.

Therefore, for a given UB, T defines a contraction inW with modulus β, and by Banach’s fixed-point

theorem there exists a unique value function Wn(z, ϕ) such that T.Wn(z, ϕ) = Wn(z, ϕ). �

D.4 Identification

To pin down the 7 parameters of the model that we calibrate internally, p = (κ, δc, ψ, w, c, ρz, σz), first

we use a Sobol sequence to uniformly draw parameter combinations in a seven-dimensional hypercube,

and then use a minimum-distance criterion function to minimize the discrepancy between model-implied

moments and their data counterpart.5 This method is useful because it can help inform identification in

models in which, like in our case, all moments are determined jointly by all parameters. Specifically, we

use the identification strategy laid out in Daruich (2019), which proceeds as follows:

• First, for a given hypercube of the parameter space, we draw over 1,000,000 candidate parameter

vectors generated from a Sobol sequence.

• Second, for each parameter in p, we associate a target moment.

• Third, for each case, we partition the parameter vector into quantiles, and within each quantile

we compute the median and inter-quantile range of the associated moment from the underlying

distribution implied by random variation in the 6 remaining parameters.

Using this method, a moment is well-identified by the chosen associated parameter if the distribution

moves (i.e. if median and 25th and 75th percentiles shift) across different quantiles. The slope of each

curve is a measure of how well-identified the parameter is by each moment, with steeper curves indicating

a better identification. Moreover, the smaller the inter-quartile range for each quantile, the relatively

less important the remaining 6 parameters are for the corresponding moment. This method is powerful

because it does not fix all the remaining parameters to their calibrated values. In this sense, it is superior

to identification techniques based on local derivatives, as in those methods the other parameters do not

affect the chosen moment in any way, by construction.

Figure D.1 shows the identification results for our calibrated set of parameters seen in Table 1. The

central array of black dots denotes the median of the distribution in that quantile, while the arrays of

5 By drawing parameter vectors using a Sobol sequence, we successively form finer uniform partitions of the
parameter space, ensuring that we explore all the potentially relevant regions.
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gray dots are the 25th and 75th percentiles. The moments that are best identified are the entry rate,

which is informed by our choice of δc, and the average size, which is related to the curvature in technology

ψ. Indeed, these two moments change considerably with these two parameters over different quantiles,

and the distribution is narrowly distributed around the median, indicating that other parameters do not

play a major role in pinning down the specific moment.

Figure D.1: Identification of the internally calibrated parameters. Notes: Each figure plots the median
(black dots) and inter-quartile range (gray dots) for 50 different quartiles of the distribution of each moment
across different parameter values, keeping the chosen associated parameter fixed at each given value. A
better identification corresponds to (i) stronger correlation between parameter and median; (ii) narrower
inter-quartile ranges.

The parameters (w, κ, c) determine three moments jointly: the average markup, the price on sales

regression coefficient, and the amount of price dispersion. In particular, a higher cost scale, entry cost, and

search cost, imply a lower markup, a lower coefficient of price on sales, and a lower degree of dispersion in

prices, respectively. Finally, the parameters related to the persistence and volatility in the idiosyncratic

productivity process z do not uniquely identify sales growth dispersion and price persistence, as the other

parameters play a similarly important role in pinning down these moments. This is likely due to the fact

that most dispersion and persistence in the calibrated model comes from the size mechanism, and not

from productivity differences. We therefore see this as not a major problem of the calibration, as the main

objective for the calibrated model is to explain lifecycle dynamics through demand-driven differences and
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not through productivity differences, motivated by the empirical literature cited in the Introduction.

E Model Extensions

E.1 Micro-Foundation for Marginal Utility (v)

Relative to the baseline model, we assume that there exists a representative household, comprised of

a measure-one continuum of identical buyers, with quasilinear preferences:

Ut(ϕt) = Et
{∫ +∞

t
e−r(t−τ)

(
aτ + lnCτ (ϕτ )

)
dτ

}
where r > 0 is the discount rate, and aτ is consumption of a numeraire good at time τ ≥ t. Household

consumption C is a bundle of output levels of a continuum of sellers via the CES aggregator:

C(ϕ) =

∫
q(ϕ)c(z, ϕ)dλf (z) (E.1.1)

where λf (z) is the distribution of active sellers over the space of idiosyncratic states z ∼ λz(z
′|z),

and c(z, ϕ) is consumption from seller z in aggregate state ϕ ∼ λϕ(ϕ′|ϕ). Equation (E.1.1) assumes that

the goods of the different sellers are perfect substitutes, so we can interpret the continuum of sellers as

effectively selling the same product. The shifter q(ϕ) is the aggregate demand shock, acting as a shock

to preferences. As the numeraire is separable, the marginal utility of buyers is simply v(ϕ) ≡ 1
C(ϕ) .

Aggregate consumption C is obtained by the household at a price of P . Cost minimization implies:

c(z, ϕ) =
q(ϕ)

p(z, ϕ)
P (ϕ)C(ϕ), with P (ϕ) =

(∫
q(ϕ)

(
p(z, ϕ)

q(ϕ)

)−1

dλf (z)

)−1

where p(z, ϕ) is the price that seller z sets for its product in aggregate state ϕ. Sellers are exactly as

in the baseline model, making instantaneous profits π(n; z, ϕ) = p(n; z, ϕ)n− C(n; z, ϕ), where n ∈ Z+ is

the number of customers and p(n; z, ϕ) is the price policy function. Therefore, the measure of sellers in

state z is λf (z) =
∑

n∈N Sn(z). By feasibility, we have C(ϕ) = q(ϕ)
∑

n∈N
∑

z∈Z cn(z, ϕ)Sn(z). As sellers

sell an indivisible product, cn(z, ϕ) = n, so:

C(ϕ) = q(ϕ)
∑
n∈N

∑
z∈Z

nSn(z, ϕ) = q(ϕ)BA

where BA is the aggregate measure of active buyers. Therefore, the individual valuation of buyers

is v(ϕ) = 1
q(ϕ)BA

. Intuitively, for a given aggregate shock, individual consumers value the product less

when there are more active buyers, because that means that the product market is more congested.
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E.2 Endogenous Customer Separations

To introduce customer seller-to-seller transitions, we can model customer search explicitly. While we

assume that there is still an exogenous risk δc > 0 of separation for each customer, additionally we now

add the possibility that customers search, and potentially endogenously separate, while on the match.

We assume that active buyers do not face a cost of search, as they do not discontinue their consumption

when transitioning from one seller to the another.

Introducing this additional dimension into our full model with aggregate shocks is not straightforward.

Endogenous buyer transitions across sellers would break the ex-ante indifference condition among inactive

buyers, which pins down the equilibrium market tightness in the baseline model. In order to preserve the

block-recursive structure, one remedy would be to assume free entry across all markets on the seller side.

This would change the environment substantially, so we leave it for future work.

Thus, suppose there are no aggregate shocks. The problem of an active buyer with value V B is:

max
x∈[V B ,x]

µ(θ(x))
(
x− V B

)
The matched buyer only considers offers that deliver an expected value that weakly dominates the

current perceived utility, V B. Let x̂(n,ω; z) be the corresponding policy. The first-order condition reads:

(
x̂(n,ω; z)− V B(n,ω; z)

)∂µ(θ(x))

∂x

∣∣∣∣
x=x̂(n,ω;z)

= −µ
(
θ
(
x̂(n,ω; z)

))
(E.2.1)

Intuitively, the inactive buyer trades off the expected option value of transitioning (left-hand side)

to the rate at which this offer can be obtained (right-hand side). It is not difficult to show (e.g. Shi

(2009)) that x̂(n,ω; z) is increasing in V B(n,ω; z). In words, the more profitable a match is ex-post,

the higher the offer for which the customer will apply next. Therefore, customers separate according

to their initial state, and climb up the utility ladder. This effect tends to shift the mass of customers

(and therefore sellers) toward higher promised utilities, and thus acts as a countervailing force to the

equilibrium dynamics of the baseline model: when the sellers offering the worst terms of trade lose

customers, they need to start setting up more favorable contracts.

The risk of endogenously losing customers must now be incorporated into the pricing decisions of

sellers. The buyers’ and seller’s HJB equations are then identical to (2) and (3a), respectively, except

that we now must replace δc by an “effective” customer separation rate, given by:

δ̂c(n,ω; z) ≡ δc + µ
(
θ
(
x̂(n,ω; z)

))
Likewise, the market tightness must incorporate that the pool of searching buyers is composed of

both inactive as well as active buyers:

θn(z) =
1

Sn−1(z)

(
BI
n(z) +BA

ι(n)(z)
)

for any n ≥ 1, where ι(n) ∈ N is the size of the seller that a customer seeking to transition to a size-n

seller is currently matched with, i.e. the solution to xn(z) = x̂(ι(n),ω; z).
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Figure F.2: Seller transitional dynamics for a typical incumbent (right-hand side block) and for entrants
(left-hand side block). The arrow labels indicate flow rates.
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Figure F.3: Cross-sectional establishment moments: data versus model. Notes: Kernel density estimates
for the employment distribution by age cohort (left), and the average size of each cohort (right), in the
calibrated model.

Figure F.4: Establishment exit rates by age: model vs. BDS data.

Figure F.5: Impulse responses of selected variables to a one-time –1% shock to marginal utility (v), for
different values of δc. Notes: The figure shows the responses for an economy with high δc (red lines)
and the calibrated δc (black lines). On the right-most panel, the solid (respectively, dashed) lines are the
contributions to the average markup by small (respectively, large) sellers. More details in Figure 6.
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