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A Model Dynamics

A.1 Flow Equations

Let Sy ¢(z) > 0 be the total measure of sellers of size n and productivity z € Z at time ¢ > 0. All such
sellers seek to find new customers in market @’(n + 1;2,¢). Let B, (2, ) be the measure of inactive

buyers searching within this market. Then, tightness must adjust so that:

Bl14(2,0) = Ons1(2,0)Sni(2) (A.1.1)

where 0,,(z,¢) = 0(2/(n; 2, 9); ). Let B;?’t(z) be the measure of customers matched with sellers of

type (n, z) at time ¢. By construction, we have:

Bé"t(z) = nSp+(2) (A.1.2)

at any t > 0. The unit measure of buyers must be either matched with a seller and consuming, or
looking for a seller. Hence, 37233 - (Bfl"t(z) + Bﬁt(z,go)) =1, Vp € &,t > 0. Note that market
tightness jumps instantaneously in response to an aggregate shock.! This is because the mass of inac-
tive buyers adjusts immediately to guarantee that the indifference condition among unmatched buyers
(equation (1)) is met in all states of nature. However, by block-recursivity, tightness remains constant
over time for each aggregate state. The mass of potential entrants, denoted Sp¢(y), jumps following a
p-shock, and otherwise evolves smoothly due to sellers flowing in and out of inactivity. The distribution
of sellers, {Sy, (%)}, is slow-moving and continuous in time. Because of this slow adjustment, the model
features sluggish aggregate dynamics.

Formally, the flows into and out of size n > 2 for some z € Z are given by:

BiSni(2) = n(0n(2,9))Sn-14(2) + (n+ 1)0eSni16(2) + Y Aa(22)Sn ()
ZH#z
— (8 + 1o+ 0(Ons1(2.0)) + 30 A(E12)) Sua(2) (A.13)
Z#£z

where 0, denotes a time derivative. Inflows (first line) are given by sellers that acquire their n-

th customer, the share of size-(n + 1) incumbents that lose a customer, and those that transition into
productivity z from some Z # z. Outflows (second line) are given by sellers that either exit, lose or
gain a customer, or transition to a distinct productivity state, Z # z. For size n = 1, the flow equation
is identical except that the first term on the first line must be replaced by the flow of entrants into

productivity z, i.e. 7.(2)n(01(2,¢))So(¢). Finally, the measure of potential entrants, So(¢), obeys the

L Our notation convention thoughout this section is the following: (i) explicit dependence on ¢ denotes that
a variable jumps with ¢; (ii) a subscript ¢ denotes that the variable is time-varying for given .



following ODE:

81S0,4(9) = 05St+ 0 > S14(2) = Y m(20)1(61,4(20,9)) So.e(¢p) (A.1.4)
zEZ 20€EZ
where S; = :Lrg scz Snit(2) is the total measure of incumbent sellers. These equations offer a

full characterization of the model’s distribution dynamics. The stationary distribution of sellers is the
solution to 8:Sy,+(z) =0, V(n, 2).

A.2 Aggregate Measures of Agents

To derive aggregate measures, we first must derive the equilibrium shares of agent types. Throughout,

we fix ¢ € . Let gn(2) = S""S;t(z), where S = >, <1 >, Sn(2) is the total measure of incumbents.

After a period of size A > 0, the share of sellers of size n > 2 becomes:

90.+2(2) = [1(B 012 (2, 9)) A + 0(A) | g1.4(2) + (0 + 1) [0 + 0(A) [ gs1(2) + I [A= (1A + 0(A)| g (2)
Z#z
N (CREPRNEN ) 1N SENCEL RIS P
Z#z

Subtracting g, +(z) from both sides of the equation, dividing by A, and taking the limit as A — 0:

Otgnt(2) = n(Ont(2, ) gn—1, t(Z) + (n+1)dcgn+14(2)

+ 5 N (212)gns (2 (5f+n5 +(Ons1e(,0) + A2 )gm( )
Z#z Z#z

The derivation is similar for n = 1. For potential entrants, we have:

SO,t—i—A(‘P) = [5fA =+ O(A):| St + |:(5CA + O(A):| Z Sl,t(z) + [1 — Zﬂ'z Zo 01 t+A(Zo, ))A + O(A):| S{J,t(@)
for given . Taking the continuous-time limit in the usual way, we arrive at:

3:50.(p) = <5f +5czgl,t(2 )St Zﬂz 20)1(01,6(20, ) Sot ()

In the stationary solution, 8;g,+(2) = 0 and 8;Sp+(p) = 0. This yields a system of second-order
equations which can be solved numerically on the state-space grid, N' x Z x ®. The solution is a
matrix {gn(z)}n,z, and the share of potential entrants per incumbent seller, ho(p) = So(¢)/S. Then, to
compute the aggregate measures B4 = Zn,z B/ (z) and B! =1 — B4, we use equation (A.1.2) to obtain
bA(2) = % by:

bﬁ(z) = ngn(z)



Then, b = BA/S = /293" nga(z). On the other hand, from equation (A.1.1) we know that

n=1

Bl(z,¢) = S0,(2,¢)gn_1(z). Therefore, adding across n > 2 yields:

+00 t+oo
SY D 0u(z0)gn-1(2) = DD Bh(z,9) = B' = Bi(z,90) = 1= B4 =Y " 01(2,¢)S(p)

n=2 =z n=2 =z
Using the definitions above, we can then write:

L= (0" 4+ ho(9) 2. 61(2,9)) S
ZnZZ Zz 9”(27 90)971—1 (Z)

S:

Solving for §, we finally obtain the stationary measure of active sellers:

+00 -1
S = <bA + ho(p) Z 01(z, ) + Z Z Ont1(z, go)gn(z)>

n=1 =z
Computing the remaining aggregate measures is straightforward: the mass of potential entrants is
So(p) = Sho(¢p), the measure of incumbent sellers is S,, = Sg,,, the measure of active buyers is B4 = Sb4,
and that of inactive buyers is B! =1 — B4.

B Proofs

B.1 Proof of Proposition 1: Joint Surplus Problem

Proof. Denote by w = {ﬁ, X' (n'; s )} a generic policy of the typical seller in state (n; z, @), where P is

the price level,
x'(n';s) = {f’(n—i— 1;2,0),T(n—1;2,9), {7 (n;2,p) : 2 € Z},{T (n;2,¢') : ¢ € @}}

is the set of promised utilities, and Z'(n + 1;2,¢) and T'(n — 1;2,¢) are the upsizing and downsizing
choices, respectively. Recall that T'(n; z, ) = x by stationarity. The value of the seller in equilibrium,

V9(n,; z,¢), can be written as the maximand on the right-hand side of (3a), evaluated at @. That is:
Vi, zi2,9) =max Vi(nizpf@) st 2 <VE(n,wiz0)
we

where VS (n; z, p|w) is given by:

V(n; 2, plw) =

M [pn —C(n; 2,9) + 77(9(5'(71 +1;2,9); w))VS (n + 1,7 (n+1;2,0); 2, w)

+ndV° (n - 1,7 (n—1z,¢); 2, w) + YAV (n,f’(n; 7, 0); 2, w)
Z'eZ



+ Y Aw(sa’lsa)VS(n,x’(n;z,sO’);w’)] (B.1.1)

p'ed

and we have defined p(n; z,¢) = 7+ 65 + nd. + n(0(T'(n + 1;2,¢); ¢)) as the effective discount rate
of the firm. From (B.1.1), it is optimal to offer the highest possible price that is consistent with promise-
keeping, for any given policy w. Indeed, the price has no bearing on the agents’ incentives within the
search market. Therefore, the promise-keeping constraint must bind with equality, and we can solve for

the price p such that z = V5(n,w; 2, p) using equation (2):

PP ('8 = o) - p(ns 2 0)a + 0,7 () +77(9(f’(n+ L2,9)i9) )7+ 1izg)  (B12)

+ 0 (UP(9) + (n = D (0= 132,0) ) + 3 AT (052 0) + D Aalel0)T (32, ¢) }

2'eZ p'ed

Using the above notation, we can now substitute the price level p”’* (X'(n’;s’)) from (B.1.2) into the

seller’s value (B.1.1). After some straightforward algebra, we obtain:

W(n,x; z,plw) = M !n (U((p) + (0f + 5C)UB(<,0)>

- (C(n;zaw) +77<9(f’(n+ 1;z,<p);w))f’(n+ 1%9@))
+ n(ﬁ(f/(n +1; 2, 9); gp))W(n + 1,7 (n+1; 2, 9); z,go) + néCW(n — 1,7 (n - 1;z,g0);z,g0)

+ Z )\z(z'|z)W(n, "(n; 2, p); ) Z Ao (€' |) ( (n;z,gp’);z,gp’)] (B.1.3)

Z'eZ p'ed
where we have defined:

W (n,z; 2, plw) = VS (n; 2, p|@) + na and W(n,z;z,p) = max W (n,z; z, p|w)
€
as the joint surplus under contract w, and the mazimized joint surplus, respectively. Next, note that
the right-hand side of equation (B.1.3) does not depend on x nor p, so we can write the joint surplus

under a given policy as:

W (n,; 2, p|@) = W, (i'(n'; s'); z, w)

The optimal contract is then w* = {p*, x*(n’; s’)}, where:

x*(n';s') = arg max W, (X;z, <p) (B.1.4a)

pr= pPK( “(n'; s)) (B.1.4b)



By expressing the problem of the seller in terms of W, we have just shown that the optimal contract,
w*, must maximize the joint surplus. Conversely, for any vector X'(n’;s’) of continuation values that
maximizes the joint surplus, there is a price level, given by p* = pr'K (i’* (n';s )), that maximizes the

seller’s value subject to the promise-keeping constraint. [J

B.2 Proof of Proposition 2: Efficiency

Proof. Consider a benevolent planner that is constrained by the search frictions of the economy and
seeks to maximize aggregate welfare subject to the resource constraints of the economy. The planner can
allocate resources freely, so the problem does not feature contracts nor prices. Instead, we label each
market segment directly by its tightness, 8. To simplify notation, it is understood that time subscripts
embody the entire history of aggregate shocks, which is taken to be some arbitrary path o' = (¢; : j <
t) C .

The planner chooses:

The tightness in each market segment, @; = {Hnt,t(zt) : (ng, z) € N x Z};

Dlstrlbutlons of inactive and active buyers across markets, B! = {B
= {B2 ,(z) : (nt,2) € N x Z};

() : (n¢,2) € Nx Z} and

ne,t

ntt

e A measure of potential entrants, Sp;

e A distribution of firms across states, S; = {Snt’t(zt) (e, z) € N x Z}.

The planner’s objective is:

+o00o
max Eo/ e "Wy (¢y)dt (B.2.1)
e.,Bl B/ 0
S0,t,9¢
where
Wile) = —rSor+ S0 3 ) Bk 1) = Clos 2 0) ) = Bl 0)

ni=1z€2Z

The planner is subject to three sets of constraints. The first one concerns the evolution of the

distribution of sellers:

+oo
B804 =08 D Y Snpalz) + 0 Y S1a(z) = Y m(z)m(014(29) S0 (B.2.2a)

m=1z€Z 2EZ z€eZ
0:S14(z) = Wz(Zt)n(Hl,t(Zt))So,t + 26524 (2¢) + Z Az (2¢2)S14(2)
Z#£zt
(5f 6+ n(020(20)) + 3 Aa(El20) )Su(zt) (B.2.2b)
ZF2z4



Vg > 20 Sn,a(2) = 0(Onet(20)) Sny—10(20) + (0 + 1)0eSn12(20) + > Aal21]2) S, (2)
ZF£zt
<(5f + nyde +77( m—i—lt Zt Z )\ ‘Zt ) et (Zt); (B.Q.QC)
Z#zt

for all z; € Z, where 2¢ denotes the productivity draw upon entry. The second set of constraints

describes the distribution of agents across states at any given time:

V(nt,zt) eNx Z: BTI?t t( ) = ntSm,t(zt) (B23a)
V(ny,z) ENx Z: Bl (z)= ent +(20)Sn,—1.4(21) (B.2.3b)
1= Z 3 ( A (z) + BL (2 )) (B.2.3¢)

ni=1z€2

Equation (B.2.3a) states that each customer consumes a single unit; equation (B.2.3b) states that
each market segment is in equilibrium, in the sense that the measure of buyers who find a seller in any
given market equals the measure of sellers within that market who find a new customer; equation (B.2.3c)
says that every buyer in the economy is in either the active or the inactive state.

Finally, the mass of potential entering sellers must be non-negative in any aggregate state:

Soz >0 (B.2.4)

To solve, first we use constraints (B.2.3a) and (B.2.3b) to rewrite (B.2.3c) as

—+o00 —+o00
Z Z 1t Sny ¢ (2t) + Z Z Oni+1,6(2¢)Snyt(2e) + Soe Z Ore(z) =1 (B.2.5)

ni=1z:€Z ni=1z:€2 2tE€EZ

Substituting constraints (B.2.3a) and (B.2.3b) into the objective function:

+o0
max E e — | k+e 01(z) | Sot +v nSn, 1 (2
©¢,50,t,5t 0 /0 { ( Z 1( t)> 0,¢ (Pt Z Z tOny, t t

2€Z nt=12€Z
+o0 +oo
=)0 Clus 2 00)Sn(z) = D> > 9nz+1,t(zt)snt,t(zt)}dt
ny=1 Z2EZ ny=1 ZEZ

subject to (B.2.2a), (B.2.2b), (B.2.2¢), (B.2.4), and (B.2.5). Conveniently, the variables B! and B{!
have disappeared from the problem. The state vector now only includes measures of sellers: S; = [Sp ¢, S¢].

The current-value Hamiltonian of the simplified planning problem is:

+oo
Hi(O;Sy) = — (H +c Z 91(zt)) Sot +v(pr) Z Z S, ¢ (2t)

#€eZ n=1z€Z



+00 +oo
- Z Z C(n; 2, 1) Snyt(2t) — € Z Z ent+1,t(zt)snt,t(zt)

ne=1 ztEZ nt=12€Z
+ ¢ |1 - E E NSt () E E Onp+1,6(26) St (20) — So § 1,6 (2 ]
ni=12€2Z ni=12z2:€Z 2tEZ

+ ot

+oo
SF DY Supalz) +0e Y Sialz) = > wz<ze)n(el,t(ze))so,t]

ni=12:€Z 2tE€Z z€€Z

+ Z {%,t(zt) [Wz(zt)ﬁ(el,t(zt))so,t + 200824 (20) + Z Az (2¢]2)514(2)

2#EZ Z#zt

((sf—f—é +n 9275 Zt ZA ’Zt )Sltzt):|
ZF#zt

3 (=) [n(em,xzo)sm_l,t(zt) (DS () + 3 A (1] (2)
Z#zt

ny=2

((5f + b + 1(On,41,(2)) Z A= (Z]2) ) e t(zt):| } + 9450,
Z#£zt

where 1, 4(2) > 0, n > 1 (respectively, 1o, > 0) is the co-state variable on the flow equation for
Snt(2) (respectively, Sot); ¢¢ > 0 is the multiplier on (B.2.5); and ¥; > 0 is the multiplier on the non-
negative entry condition, where the corresponding complementary slackness hold. In vector notation, the

necessary conditions for optimality are:

VeHi(®:S) = 0
VsH(O4;St) =V +ripy

where V denotes the gradient operator, and 1)y is a stacked vector of co-state variables. These
conditions are also sufficient because the Hamiltonian is quasi-concave. Indeed, the objective function is
linear in both control and state variables, and because of Assumption 1 establishing concavity of n, all
the constraints are concave in the control and linear in the states.

Regarding the first set of optimality conditions, for given z; € Z we have:

on(0
[01] : o1+ ¢ :<¢11,t(2t) - ¢0,t)7rz(zt) 2(9 ) }9:0 - (B.2.6a)
on(0
[Qn n > 2] : (bt +c :<¢nt,t(zt) - wnt_l,t(zt)) 720 ) ‘0:9 (20) (B26b)
As for the second set of conditions, we have:
[So]: —Owbos + 1oy = —k— (¢ +¢) Z 01(z) (B.2.7a)

Z2EZ



+ Z 7Tz(26)77(91,15(26))1/11,15(26) — Yoy Z Wz(ze)ﬁ(Ql,t(Ze)) +

z2¢cZ z¢eZ
[Sne(2)] 0 =0ty t(2e) + 10, t(2) = ne(v(r) — &) — (D1 + €)On,11,4(2¢) — Cne, 245 1)
+ 0y <¢0,t - ¢nt,t(zt)> + 10 <wnt—1,t(zt) — 1/1nt,t(2’t)> (B.2.7b)
+ 1 (On,+1(2)) (¢nt+1,t(2t) Vg t(2t) ) Z Az (Z|2) <¢nt, (2) = %bmt(zt))
ZeEZ
for given z; € Z, where in the last line we have used that A.(z|z) = — 3 5, A:(2]2) for all 2z € 2,

by the properties of the Markov chain. To show that a block-recursive equilibrium with non-negative
entry of sellers satisfies the optimality conditions of the planner, we may choose the co-state variables
of the planning problem appropriately. By equations (B.2.7a)-(B.2.7b), the co-state variables can be
represented as HJB equations. Equations (B.2.6a)-(B.2.6b) are the corresponding first order conditions
of those equations. Therefore, it suffices to find the values of the multipliers for which the HJB equations
of the planner coincide with the joint surplus problem of the decentralized allocation.

Pick a decentralized equilibrium allocation {W, (2, ), zn (2, ¢),0n(2, ), UB(¢) : (n,2,¢) € Nx Z x

<I>}, and consider the following realizations for each multiplier:

ou(e') = rUP(g1)
Yor(e') = 0
Vg, z o Uni(29") = Wi (26 00) — mUP (1)

Under this guess, notice that 9y)o; = 0y1n(2) = 0, Vn > 1. Moreover, the multipliers depend only
on the current realization of the aggregate state, and not the entire history. Further, for a sufficiently
low value of x, we can impose strictly positive entry and therefore ¥y = 0, Vt. Plugging these guesses into

(B.2.7b), after some simple algebra we obtain:

(r+ )W (21, 01) = me (v(0) + (8 + U (20) ) = Clne, 215 02)
— {(TUB(%) + c) Onit1.6(2) + n(ent+1(zt))UB(<Pt)]
+ nide (Wnt—l(zt7 ¢1) — Wh, (21 @t))

+77(9nt+1(2t))(Wnt+1(zt,¢t) W, ( Ztasot) > A(Ez) ( Wi, (2, 01) — Wnt(zt7<70t)>
ZEZ

The last equation resembles the maximized HJB equation for the joint surplus (equation (5)) except

for the term in square brackets on the second line. Using that n(0) = 0u(0) and x,1(z, ) = UP(p) +
rUB(¢)+c

——1T— by inactive buyers’ indifference, this term can be written as:
#(0n+1(2,¢))

(rUB (1) + €)Onys1,4(20) + 0(0ng11(20)) U (01) = 0 Ong1.,0 (215 01)) Trp 1,0 (2, 01) (B.2.8)

Grouping terms, we will then recognize the value of the joint surplus in the decentralized solution,



equation (5). Similarly, plugging the guess for the multipliers into (B.2.7a), we obtain:

K= —(TUB(SDt) +¢) Z 01(z) + Z 72 (2°)n(014(2°)) (Wl(ze) — UB(got)>

2tEZ z€€Z

A final manipulation using (B.2.8) again then allows us to obtain the free entry condition in the
decentralized allocation, equation (8). Summing up, under an appropriate choice of the co-states, the
planner’s solution is equivalent to the problem of the decentralized economy. Hence, the equilibrium is

constrained-efficient. [J

B.3 Proof of Proposition 3: Joint Surplus Solution

Proof. The equilibrium allocation is composed of sequences:

{Wn(z,(p),xn(z,cp),Gn(z,ap),pn(z,go) i (n,z,0) ENX Z X <I>}

satisfying equations (5), (7), and (9), where the free entry condition (8) pins down x; and the first-order
condition (6) pins down x,, given z,,_1, n > 2, for any ¢ € ®. Using u(0) = 071, v € (0,1), equation (7)

defines the following equilibrium mapping:

0: (x;0) — (F'g(gpgw)> (B.3.1)

Some algebra shows that equation (6) can be written as:

L—7

Wn+1 (Z7 30) - Wn(zv 90) — T+l (Z7 30) = (xn-i-l (Z7 30) - UB(@)) (B'B'Z)

One can also write this condition as:

Tni1(29) = UP () = 1 (War1(2,0) = Walz,9) - UP(9)

showing that the buyer absorbs a fraction v of the marginal gains from matching. Next, define:

9(z,0) = (r—l—éf)Wn(z,cp)—Trn(z,gp)—l—n&c(Wn(z,@)—Wn_l(z,go)> —n(6.+6)UP () —En(2,¢) (B.3.3)

where 7, (2, ¢) = nv(p) —C(n; 2, ¢) is the flow joint surplus, and Z,(z,¢) = > c 2 A (¢'[2) W (2, @) +

> ca Ap(@'[0)Wh(z,¢') is the expected value of the joint surplus across exogenous states. Next, note:

L5, 0) = 0(0t1(2,9) (War1 (2, 9) = Walz:0) = 2nsa(2:9))
= (120 1niaer0) (50 ()~ U (0)

— (1;7> Ont1(z,0)TE ()

10



where the first line uses the HJB equation for the joint surplus (equation (5)), the second line uses
(B.3.2), and the third line uses (B.3.1) and n(0) = 611(0). The right-hand side of the first equality allows
us to interpret I'” as the expected match surplus for the seller (see main text). Using the last equality,

we have found the market tightness:

S z
buia(ene) = (125 ) o (B.3.4)

for all n > 1. Finally, we can write (B.3.2) as:
1 1 _
Wara(2,9) = Wa(z0) = UP(9) £~ (anta(2,0) = UP(9) = UP(0) + T2 (@) (z0)

Using (B.3.4) and rearranging terms, we obtain:

B v S, 1=
Wit1(2,9) = Walz,¢) + U () + <F é¢)> (F’I(_’;p)> (B.3.5)

our desired result. [J

B.4 Proof of Proposition 4: Invariant Distribution

Proof. Let {0n(2,¢) : (n,2,9) € N x Z x ®} be an equilibrium collection of market tightness levels,
where N = {1,...,7}, and m < 400 is a large integer. In matrix notation, for each aggregate state

¢ € ®, equations (A.1.3)-(A.1.4) in Appendix A.1 can be written succinctly as:

BS1(2) = T,y Si(y) (B.4.1)

_ T T\ — Tk = i
where S;(p) = (So7t(gp),817t,...,sﬁ7t) , with Spp = (Sne(21), -, Sni(2.)) k= = |Z], and Ty, is

the partitioned matrix:

ST | S S TSR | S | 5 5

n5(@)" Di(p)  daec  Op. -+ Ok Ok, Op,k,

0r.1  m(p) Da(e) 63c -+ Opp, Ok, Op,uk,

T, =
Og..1 Ok, Ok, Ok, -+ Daa(e)  On-1ec Ok,
Or.1 Okt Opik. Ok, - Mao1(9) Droi(e)  One

0r,.1 Opk, Opk. Orpr, -0 Op i, ma(e)  Drly)

where t11 = — Y, m.(2)n(01(2, )) is a scalar, 0., denotes a p x ¢ matrix of zeros, and T, is a K x K

square matrix, where K = 1 4+ nk,. Further, we have defined the 1 x k, row vectors:

0% = (5f, .. .,(5f>; o = <5C, . ,5C>; ni(p) = (ﬂz(zl)n(ﬁl(zl,go)), . ,ﬂz(zkz)n(el(zkz,go))>;

11



and the k., x k, matrices:

Yn=2,...,n Onec = diag(néc, e ,n66>;
M(p) = diag(n(en(zl, ),y 1(0n 2. w)));
dn(z1,0)  Az(z1lz2) ... Aa(z1]2k.)
Vn—1....m: Dylg)= Az(z?lzl) dn(z.w) Az(é\%)
Ax(zh.]21) Az(Zhel22) - dn(zk,, @)

where diag(.) denotes a diagonal matrix, and the diagonal elements of D,,(y) are given by:

_(5f + nde + 1(Ont1(25,9)) + D0 )\Z(zg|zj)) forn=1,...,m—1

- (51‘ +M0e + D0 )‘Z(ZZ|Z]‘)) forn =n

System (B.4.1) describes an irreducible Markov chain, as any state (n/,2’) € N’ x Z can be reached
almost surely from some (n, z) # (n/, 2'). Moreover, the Markov chain is aperiodic. These properties, plus
the fact that the state space is finite, guarantee that the Markov chain is ergodic. Therefore, by Theorem
11.2 of Stokey and Lucas (1989), the system converges to a unique steady-state distribution S*(¢), for
each ¢ € ®.

For the analytical characterization, note that the transition matrix T, is constant, so we can solve

the differential equation (B.4.1) directly. The solution is:

St(p) = eT*'So(y)

Tt

where the initial distribution So(¢) € RE is given. To compute eT+!, consider the eigenvalue de-

-1
@

and E, collects the corresponding eigenvectors. Defining Z(¢) = E;lst(gp), then 0,Z:(¢) = AyZ(p),

composition T, = E AL EZY, where Ay, = (Ai(g), ..., Ak(p)) is the diagonal matrix of eigenvalues,

and because A, is a diagonal matrix, we can solve this differential equation element-by-element, i.e.
0:Z; 1(0) = Ni(p)Zi1(p) for each i = 1,..., K. This is a simple system of ODEs with solution:

Zi(p) = cie/\"“")t, i1=1,...,.K
where ¢; € R is the constant of integration. Since S;(¢) = E,Z(y), we have obtained:

K

Si(p) = > cietPly, (B.4.2)
=1

where v; is the K x 1 eigenvector associated to the i-th eigenvalue. Therefore, the stability of system

(B.4.2) as t — +o00 depends on the sign of the eigenvalues of T,. The trace of T, is:

12



K

k. n ok,
tr(Ty) = D Nilp) = =Y m(z))n(01(2,0)) + D> dn(z) <0
: =

n=1j=1

The trace being unambiguously negative means that there is at least one negative eigenvalue, if not
more. Letting 1 < £ < K denote the number of negative eigenvalues, and re-ordering the eigenvalues
from small to large with no loss of generality, we can then impose ¢; =0, Vj € {{+1,+2,..., K}, on
equation (B.4.2), and let t — +o0o to find the stable solution. That is:

4

* _ o (@)t K
S*(¢) tl&gloo ' 1cje v; € RY
]:

is the unique invariant distribution of sellers in state ¢ € ®. [J

C Price Discrimination

The assumption of no price discrimination across different customers is not key to generate firm
dynamics. In this section, we show that, so long as we maintain the assumption of dynamic contracts
with commitment, our model still generates these dynamics as well as cross-sectional dispersion.

If sellers were to use prices as their only instrument for customer attraction (instead of recursive
contracts with price-utility pairs), an equilibrium with price discrimination across customers of different
tenures would look similar to that of Gourio and Rudanko (2014): firms would attract customers by
offering an instantaneous discount on the valuation v, and extract all surplus by charging v immediately
after the customer joins the seller, and until separation. However, imposing price discrimination in our
model does not lead to this prediction. This is because sellers must still trade off static payoffs coming
from the current price with dynamic ones coming from the promised utilities.

Importantly, under price discrimination, tractability is preserved along several important dimensions:
(i.) The seller’s and the join surplus problems are equivalent;
(ii.) The joint surplus is constant in the distribution of contracts across customers;
(iii.) As a novelty, there is equilibrium price indeterminacy.

Properties (i.) and (ii.) allow us to solve the model using a similar approach to the one used for
the baseline model. Property (iii.) implies that there exist multiple equilibria in prices. These equilibria
feature price dispersion both within and across sellers.

Let us discuss these results more formally. For this, we must extend our baseline framework to allow
for discrimination across buyers within the seller. Let w; = {p;, x}(n’;s)} be the contract offered to the
typical customer ¢ = 1, ..., n, which is composed of an individual-specific price level p;, and a personalized
menu of continuation utilities x}(n;s’), one for each n’ € {n — 1,n,n + 1} and s’ € {(2/, ), (z,¢')}. A
seller is characterized by the collection {z;}' ; of outstanding promises, and must choose: (i) a menu of
contracts {w;}"_; for the n current customers; and (ii) a starting promised utility ;, € R for the new

(n + 1)-th incoming customer (if there is any). The HJB equation for the seller now reads:

13



rVS<n, {$i}?:15zv@> =  max {sz—c n;z <P)+5f<Vb - ( {wi}is, ))

wofwiting |
+6czn: <V5<n —1,{zj(n - l;z,go)}?zl\_{xg(n — 1;2,@)};z,g0) ( {xz}__l, ,Q ))
j=1
+ n(0(z; ) (Vs(n+1 {zi(n+1;2 go)} e {z(};2 cp) —Vs(n,{a:i}?:l;z,go)>
+ Z A (2']2) (Vs(n,{x;(n; z/7g0)}?:1;z/,g0) ( {xz} % go))

Z'eZ

'ed

where \ _ and U, are multiset difference and union operators.? The most important differences relative
to the baseline model (equation (3a)) have been highlighted in blue. Now, when a customer i =1,...,n
separates, the vector of promised utilities shrinks in cardinality and the customers that remain matched
obtain the new promise z}(n — 1; z, ¢). The seller attracts new buyers by offering a starting utility zj, to

the entering customer. The promise-keeping constraint now reads:

Vi=1,...,n: xigVB(n,wi;z,cp)

for all (z,p) € Z x @, establishing that the seller commits to each and every customer. We then solve

for the optimal menu of contracts by solving for the joint surplus problem:

Proposition C.1 (Joint Surplus Problem with Price Discrimination) In the economy with price

discrimination, the seller’s and the joint surplus problems are equivalent, in that:

(i) Given a menu of contracts w; = {pi,x;(n’;s’)} for i =1,...,n that mazimize the seller’s value

subject to the promise-keeping constraint, {x}(n/; S’)}?:1 mazrimaizes:

W (n, {zi}ieg; 2,0) = VI (n, {ziding 2,0) + > @i
=1

(ii) Conversely, for every {xg(n’;s’)}n that mazimizes W( {a:z}? 1% <p), there exists a menu of

=1
personalized price levels {pi}?: such that the collection {pl, (n';s )}Z | constitutes a solution to

the seller’s problem.

Proof. The argument is conceptually similar to that of the baseline model (see Appendix B.1).
Let {z{, {@;}_,} be a generic policy for the seller, with @; = {p;,X(n’;s')} and X(n’;s') = {T}(n +
L2,0),T(n—1;2,0),{Ti(n; 2/, ) : 2/ € Z} {Ti(n;2,¢') : ¢’ € ®}}, fori = 1,...,n. The seller’s problem

can be written as:

2 These operators are defined by {a,b,b}\_{b} = {a,b} and {a,b} U, {b} = {a,b,b}, and they are needed here
because different customers may be promised the same valuation.
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VS(n,{xi}?zl;z,go) = max VS<n :/co,{c.uz}Z % ,<p> st x; < VB(n,Gi;z,ga),W: 1,...,n

xo,{wl}

+0 3V (n = 1 (70— L2 )V \ AT (- 120 2.0)
j=1
+ n(0(zp; ))V5<n+1 {Zi(n+1;2 go)} LUt {T0}s 2 go)

+ D AV (n {7 2 0 V2 0) + D Al )V (e (s 2, ) Y ,so')]

2EZ o' eD

is the value of the seller, with p(n; z, ) = r+ &7 4+ nd. + n(0(T(; ¢)) being the effective discount rate.

The value of buyer ¢ = 1,...,n under this policy is:

TVB(n,GZ-; z,0) =v(p) —pi + (0 + dc) (UB(go) — VB(n,Gi; Z, Lp))
+(n— 1>6c(f;<n— 132,¢) = VE(n,@i52,9) ) +1(0: ) (T + 1 20) = V(0w 2,0))

£ A (3 0) = VIO, 2.0)) + 30 Aale o) (i 2. 0) = VE (@i 2,

ZeZ p'ed
Notice that the seller is re-optimizing after each size change. By monotonicity of preferences, the
promise-keeping constraint will bind for every customer:
—_vB(, .- -
x; = V7 (n,w;; 2, 0), Vi=1,...,n

From this equation, we can solve for the promise-compatible price level to be charged to each customer
under the policy {Tf), {Gi}?zl}:

K (@ 1 (38 Vi1} ) = v(9) = plns 2, ) + 6,U7 () (C2)
+50(UB<¢> + (0= )T (n — 1;2,0) ) + n(0(0); )T + 13 2,0)
+ ) N 2)T: 2, 0) + ) MA@ le)T (n; 2,¢)

Z'eZ p'ed

Importantly, note that the price level for a specific customer ¢ is independent of the distribution of

utilities for all the other customers, that is:

15



B ({0, 45058 )i} Ui {40580} ) = 5 ({h, (%) (058 Yooy} U {X0(038)})

for an arbitrary bisective function ¢ : {1,...,n} — {1,...,n}. Therefore, since the seller’s problem
internalizes the price level, the resulting maximization will be independent of the initial distribution of

utilities. Indeed, plugging (C.2) into (C.1) and performing some straightforward algebra we obtain:

W (n.fa}ys o (@1 Ly ,so)zwln(v<w>+<6f+5c>UB<¢>)—(c<n;z,so>+n<e<xs;sa>)w6)

0.3 W(n =1 (T - 120} \ AT~ L29)}iz0)
=1
+77(9(I’0;<p))W(n+1 {zin+ 1)}, Uy {Zo}s 2 go)

+ ) AW ( AN ) D Al¢le) ( {Zi(n;2, &)} ,sO')

ez p'ed

(C.3)

where we have defined:

W(”a{xi}?zl;j()v{wi}?zl;zacp> Vs(n xOv{wz =1 %P )+sz

as the joint surplus under policy {Tg, {Gi}?zl}, and:

W(ndw)ize) = max W(nfa Lo (@)

7{w1}1
as the mazimized joint surplus. Importantly, it is still the case that the right-hand side of (C.3) does
not depend on the initial distribution of utilities {x;}? ;, nor the distribution of prices {p;}?_;, so we can

write the joint surplus under a given policy as:

W< {ai} 17:807{%}?:1;»2,@) = Wn<f67{ié(n’;S')}?zl;z,so)
This allows us to break up the optimal contracting problem into two separate stages. Where we

denote an optimal contract by {:c Aps,xF(n';8) ?:1}, we have:

{xf, {x}"(n';s")}iL, } = argmax Wn(fg,{ié(n’;s’)}:;l;z,gp)

Pl = pr<{:z:0,{x’*(n ')} 1}) Vi=1,...,n

Thus, the joint surplus and the seller’s problems are equivalent. [

The characterization of the equilibrium is also similar to the baseline model. First, by utility-
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invariance of the joint surplus we can write W, (z, ¢) ( {:):Z} _1 % <p) V(n,z,¢) € Nx Z x ®.

Under the optimal policy, the joint surplus problem can then be written as follows:

(r+0,)Wi(z,0) = max n(v( )+ (0f + 0c) ) < n;z,p) + 77(9($6; cp)):z6>
e { (nm T) )

+ né. (Wn_l(z, ©) — Wh(z, go)) 0(zg; ¢ (Wn+1 — Wh(z, W))

+ 30 A1) (W) - n<z,so>)+ ZAgo(so'rso)(wn(z,so')—Wn<z,¢>)}

Z'eZ p'ed

The optimality condition for z, is:

m(b(zh: )

W(Wnﬂ(z, @) — Wh(z, @)) = T% +1(0(x0; 9))

oz,
similar to equation (6). By the usual arguments, the solution to this equation is unique. Denoting

the solution by x{m(z, ¢), the law of motion for the seller of size n; at time ¢ is then:

(

1 w/prob. n(@(m{)m(z, w)))A +o(A)
-1 w/prob. nd.A + o(A)
—ng  w/prob. 6fA +o(A)

A — Nt =

0 else
Therefore, we have found:

Corollary C.1 (Firm dynamics with price discrimination) In the model with price discrimina-

tion, the equilibrium features unique predictions for firm dynamics.

Although seller growth is pinned down uniquely, prices are not. Since any distribution of utilities (and
thus prices) among incumbents is compatible with optimality, there is now a multiplicity of contracts that

can be sustained in the optimal allocation.? This is stated formally in the following proposition:

Proposition C.2 (Price Indeterminacy) There is a continuum of contracts {p},x;*(n;s )} that:

(i) mazximize the joint surplus, and (ii) leave both the buyers and the seller indifferent.

Proof. Pick ¢ € R arbitrarily. The goal of the proof is to show that there is some B,(p) > 0
(possibly a function of size and the aggregate state) for which, if a given contract with w® = {pi +
5Bn( ), X, (n’ ;s +e}n is optimal, then each customer and the seller maximize their value under contract

= {pl, (n';s )} . The value of contract wb for customer ¢ =1,...,n is:

VP (el 2, 0) = 0(0) = pi = £Bule) + (05 +00) (UP () = VE(n,wii 2,0))

3 Additional equilibria may exist outside of the Markov-perfect equilibrium class. Here we only point out that
equilibrium uniqueness is lost in Markov Perfect equilibria when sellers can price-discriminate.
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+ (n —1)4. (m'(n —1;2,0) +e—VBn,wh; 2, cp)) +n(0(zp(0); 0)) <:1:’(n +1;2,0) +e— VB(n,wi?;z,go)>

-I-Z)\ ( n,z,go)—ké:—Vanl,zgo) Z)\ go]go( nz90)+5—VB(nw,,zg0))
ZeZ p'ed

= v() = pi = £(Bl) = (n = 1) = 0 (0(ah(); >)) <6f+6>(UB<> VO wliz )

+ (n—1)d. ( Hn—1;2,0) = VB(n,wb; 2 ) ( n+1;2,0) = VB(n,wb; 2 cp))
—i—Z)\ ( (n;2', ) — VB( n,wl,zgo> Z)\ go]go( (n;z,¢") — VB(n,wf;z,go)>
Z'eZ p'ed

= rVB(n,wf; 2,0) = £(Bulp) — (n = 1)5. = n(6(}(9): 9)))

where we have used 3, A;(2'[2) = 3 Ap(#'|) = 0. Thus, VB(n,w?) = VB(n,w?) if, and only if:

Bn(p) = (n — 1)de + n(0(z((0); ©)) (C4)

As for the seller’s value, note that:

VO (n{ai ) = {sz+n€ﬂn( ) —Cln:z 90)+5f<vs( )~ vs(n,{wi}?zl;z,so))

( (<P) {w Yica

+ 60§: (Vs(n -1, {x;(” —1;z,0) + 5}?:1\_{x9(n —1;z,0) + 6};2, (p) - VS<n, {3«"@'}?1;2,@))

Jj=1

+ (00 0)) (vs (n+ 1l +12.0) + e}y Us {ah(0)}i2,0) = VO (n{aidiss = go)>
+ Z)\Z(z'|z ( ( {x n; 2, p) —|—z—:}z 525 )—Vs<n,{xi}?:1;z,<p>>

ZeZ

2 A@le) (vs (n {whtms 2 ) + e} i) = VS (n fi} g2, @)) }

'ed

= (I)nax}n {Zpl—i—naﬁn( ) —C(n;z g0)+5f<V (¢ )—Vs(n,{xi}?zl;z,gcv))

n

—1—&2( n—1(2,¢) Z$ —Liz,0) - (”_15_VS( {xl} 1”2’30))
j=1

i#]
+77(‘9($6(<P);90))< nt1(2,9) Zx (n+1;2,9) *nerS( ,{xi}?—l;z,sﬁ)>
+ Z)\Z(z’]z ( (2, 9) anzc (n; 2, ) —nE—VS<n, {xi}?l;z,cp)>

Z'eZ i=

+> A«A@’I@)( z;wi niz,¢f) = ne = V3 (n, {mi}?zl;zaw»}

'ed

=ry® (n, {xi}?zl; z, <p> +ne (ﬁn(cp) — (n—1)0. — n(0(zp(e); ¢)))
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where we have used the definition of W in the second equality. Thus, by equation (C.4), the seller is
also indifferent. In sum, contract {w¢}?_, is optimal if, and only if, {w?}? | is optimal. Generally, there

is a continuum of optimal contracts, indexed by . [

Note that the Gourio and Rudanko (2014) pricing strategy can be seen as one of the multiple equilibria

of the model, in which:

zh(n;z,0) =UP(g), Yi=1,...,n, ¥Y(n,z,0) ENx Zx &

which, by equation (C.2), implies that p; = v, Vi = 1,...,n. In this case, z{, plays the role of a price

discount relative to valuation for the incoming customer, who will be charged a fixed price of v thereafter.

D Numerical Appendix

D.1 Numerical Implementation of the Exogenous Processes

This appendix shows how to parameterize and estimate (z, ) as continuous-time Markov chain
(CTMC) processes. The same structure applies to both shocks, so let us consider just the idiosyncratic
shock (z).

The k, X k, infinitesimal generator matrix A, to be estimated is:

— Eﬁél )\1j A2 .. )‘1162
A — A21 — Zj7é2 )\2]' - )\ka
k.1 Ak.2 e T Dtk M

where \;; > 0 is short-hand for A;(zj|z), 2,25 € Z. This level of generality would require the
estimation of k,(k, — 1) transition rates, which is potentially a very large number. Therefore, we reduce

the parameter space by specializing the CTMC as follows:

e First, we assume z follows a driftless Ornstein-Uhlenbeck process in logs. This process is a type
of mean-reverting and autoregressive CTMC which can be loosely viewed as the continuous-time

analogue of an AR(1). Formally:

dlog(z;) = —p. log(z)dt 4 o.dBy

where By is a standard Brownian motion, and p,, 0, > 0 are parameters.

e Operationally, in the numerical version of the model in which time is partitioned and takes values
in agrid T = {A,2A,3A,...}, we use the Fuler-Maruyama method, that is:

log(z) = (1 — p2A)log(zp_1) + 0.V AEL, ej. ~iid N(0,1) (D.1)
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for each k& € T. This is an AR(1) processes with autocorrelation p, = 1 — p,A and variance
2
UZ

pz(1+ pz)
to higher persistence.

. Thus, p, > 0 controls for the degree of mean-reversion, with lower values corresponding

The discrete-time process (D.1) is, in turn, estimated using the Tauchen (1986) method, with a
discrete-state Markov chain that we define on the theoretical grid, Z. The outcome of this method
are estimates for (p,,0,), and a transition probability matrix II, = (77,-]-), where m;; denotes the

probability of a z;-to-z; transition in the T space.

For the mapping back into continuous time, we use the fact that, for small enough A > 0, transition

probabilities (the 7’s) are well approximated by transition rates (the A’s) in the following sense:

Vi=1,... k.0 7wy AN ViAT and  mpml—A) )\
J#i

D.2 Stationary Solution Algorithm

To solve for the stationary equilibrium, we implement the following procedure:

e First, we solve the maximization of the joint surplus function using a value function iteration (VFI)

algorithm, under a guess for U5,

e To update UP, we check that the free entry condition is satisfied. Combining equations (1) and

(8), we can write the free entry condition as:

K= Z m2(20) {77 op! <x,1(20’1;?(90)UB(¢)> (Wl(ZO, @) — ' (20, @))}

20€EZ

To find UB, we use a bisection method: increase (or decrease) UP if there are too many (or too

few) entering sellers.

Throughout, the state space grid is fixed at N’ x Z x ®, where N = {1,...,7a}, Z = {zi}fil, and

P = {p; 521‘ The following describes the steps of the algorithm:

Step 1. Set the counter to k = 0. Choose guesses U (¢) and U(O)(go) > U (p) for each
@ € ®. Set the value of inactivity to:

PO (g) = 2 (L) + T ()

Step 2. For any given k € N and n € N, use VFI to find the fixed point quk)(z, p) of:

(r+ (5f)W7$k)(z, Q) = n(v(cp) + (05 + 5C)UB(k)(<p)) —C(n;z, @) + nde. (Wflk_)l(z, ©) — W (2, <p)>
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T80 ()

. (k) k) _

e G s o)  CRCE R TR R
W

n+1
+ 3 A (WP ) - Wiz 0) + D A1) (Wi (2, ¢) = WP (2, 0))
ZEZ p'eD

where TB*) = ¢ 4+ rUBF) (¢) — > ped )\@(go’\go)<UB(k)(g0’) — UB(k)(go)>. Store the

corresponding policy functions as {xgi)l(z, ©):(n,z,0) EN X Z % <I)}.

Step 3. For each ¢ € ®, compute the object:

- 2" /
AW(g) =k~ Y w(zO){nou ( e (@)) (Wl(k)(zo,@—$1(k)(207¢))}

20€EZ :Ell (ZOa 90) -UB
Stop if A®)(p) € [—¢,¢], Vo € ®, for some small ¢ > 0. Otherwise, set:
1 _
UBUHD () = 5 <Q(’“+1)(4p) 4 U(k+1)(¢))

for each ¢ € @, where:

(a) It A® () > ¢, then U () = UM () and T* V() = UB® (p);
(b) If AF)(p) < —¢, then UFT(p) = UBF) (¢) and U(k+1)(g0) —g®

and go back to Step 2. with [k] < [k + 1].
The VFI algorithm of Step 2 is guaranteed to converge because, given a UP, the joint surplus is a

contraction and therefore has a unique fixed point. (For a proof of this statement, see Appendix D.3).

D.3 Existence of the Joint Surplus Function, given U”

This section shows that there exists a unique joint surplus W, for each given UZ. First, we define

the relevant functional space. Recall that the state space is N'x Z x & = {1,...,n} x {zi}fil X {‘Pj}?ir

Definition D.1 Let W be a closed and bounded subspace of vector-valued functions W : N x Zx ® — R,
with the following properties:

1. Increasing in n, i.e. Wpi1(2z,0) > Wy(z,¢), Vn € N.

2. Constant at the upper bound of N, i.e. Wr(z, ) = Wai1(z, ¢).

For a given UP, the joint surplus can be written as follows:

(r+08,)Wh(z,¢) = max : {n(v(cp) + (67 + 5C)UB(<,0)> — (C(n;z,gp) + ¢<x’(n + 1,z,<p);g0)a:’(n + 1,z,<p)>

! ! ! /
x'(n',2'
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+ ndc(Wn_l(z, @) — Wa(z, w)) + zﬂ(ﬂc’(n + 15 2, 9); @) (Wn-H (2,9) = Walz, @))

+ ) A ( (2, 0) — W(zw)JrZA solso)( w(z¢) - Wn(z,sO))} (D.1)

ez p'ed

where we have used the short-hand notation:
I'5(p)
z —UB(p)

Equation (D.1) is a continuous-time recursive problem. In order to use dynamic programming meth-

P(zip) =nop (

ods, we first need to transform the problem into an amenable form that allows us to use Blackwell’s
Theorem. We do this by a so-called uniformization method.* In short, the objective of this method is to
construct a set of transition probabilities that mimic those of the continuous-time specification.

For a given vector of current states v = (n, z,¢), define I = {0,n — 1,n + 1} x Z x ® as the set of
possible future states. Let ¢ = {x'(n/,2/,¢') : (0,2, ¢') € I'} C X denote a set of policies, and Py ()
denote the probability of a v-to-v’ transition under policy ¢. Moreover, let gy(¢{) be the vector of Markov

transition rates for a fixed . Then, we have:

.
w<w’(n+17z,<p);w) forv'=(n+1,z,¢)
nde forv' =(n—1,z,¢)
1
Py~ (€) = ) for 0, z,
() for 7/ = (n, 2/, 0), any ' #
Ao (#]0) for v' = (n,2,¢'), any ¢' # ¢

and

(€)= 6(/ (0 + 1,20 0) + 08+ 0+ 30 A(Z12) + 3 A(#le)
2 #z o'Fp
Since the state space is bounded, there exists a §° < +oo for which g+ (€) < 7°, for all states -, given
¢. Therefore, we can think of transitions actually occurring at rate g, with a fraction ¢(¢)/q of them
being actual transitions out of state -y, and the remainder being “fictitious” transitions of the state =

into itself. Thus, we may represent the Markov chain with the following transition probabilities:

5 [P0 o 2
v/ \&) = 1_ q'vq(o otherwise

Finally, define the discount factor as 8 = and the per-period payoff function in state (n, z, ) as

T—i—q’

4See Ross (1996), Section 5.8. For an application in economics, see Acemoglu and Akcigit (2012).
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Tl (215) = £ [n(0l) + 07+ 800%(9)) = (Gl 200) + (&' (0 + Lz}l 0+ 1,2,0)) |

We can now state the dynamic optimization problem (D.1) in discretized form:

Wn(Z, 90) = max {ﬁn(z7 ®; C) + 3 Z ﬁv,v’(C)Wn’(z/’ @/)} (D'2)

cx
¢C ~'€TY

We are now ready to prove the main result:

Lemma D.1 For any (n,z,0) € N x Z x ®, the joint surplus problem (D.1) admits a unique solution.
That is, the mapping T : W — W defined by:

L0, evp) = g { (e, 50) 4.8 X Py QW6 |

,.Ylerl

has a fized point T.Why(z,p) = Wy(z, ).

Proof. T is a well-defined mapping from W to W. We want to show that it defines a contraction.
Since W is closed and ¢ takes values in a compact set, the contraction property will be enough to invoke

Banach’s Fixed Point theorem. Hence, we check that T' satisfies monotonicity and discounting.

e Monotonicity: Take W W? € W such that W2(z,¢) < Wo(z,¢), ¥(n,z,0) € N x Z x ®.

Denote the corresponding optimal policies by:

(' =arg max {ﬁn(z, 010+ B Y Pyy(QOWii(2, 90’)}

,-ylel"l

for each i = a,b. Then:

T.W;Z(z, SO) > ﬁn(z, 2 éa) + Z ﬁ,yﬁ/(éa)Wﬁ,(z’, ‘;0/)
,.y/el_‘/

> ﬁn(za 2N ﬁa) + 8 Z ﬁv,w’(éa)wﬁ’(zl7 90,)

~'er’
=T.W3(z,¢)

for any (n, z,¢) € N x Z x ®, where the first inequality follows by optimality, and the second one
follows from W¢ < WP,

e Discounting: Let a > 0 and W € W, and denote the optimal policy by é Since a is a constant,

we have that:
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T.IW +a],,(2,0) = (2,00 + B S Py () (Wi, ') + a)
~'er’
= ﬁn('z7 ®; é) + B Z ﬁ‘y,’y'(é)Wn’(Z/) SOI) =+ OJB
,.Ylel"/
=TWy,(z,¢) +aB

for any (n,z,¢) € N x Z x ®. Since < 1, discounting obtains.

Therefore, for a given UP, T defines a contraction in W with modulus /3, and by Banach’s fixed-point

theorem there exists a unique value function W,,(z, ¢) such that T.W,,(z, ) = Wy(z,¢). O

D.4 Identification

To pin down the 7 parameters of the model that we calibrate internally, p = (k, d., ¥, w, ¢, p,,0,), first
we use a Sobol sequence to uniformly draw parameter combinations in a seven-dimensional hypercube,
and then use a minimum-distance criterion function to minimize the discrepancy between model-implied
moments and their data counterpart.” This method is useful because it can help inform identification in
models in which, like in our case, all moments are determined jointly by all parameters. Specifically, we

use the identification strategy laid out in Daruich (2019), which proceeds as follows:

e First, for a given hypercube of the parameter space, we draw over 1,000,000 candidate parameter

vectors generated from a Sobol sequence.
e Second, for each parameter in p, we associate a target moment.

e Third, for each case, we partition the parameter vector into quantiles, and within each quantile
we compute the median and inter-quantile range of the associated moment from the underlying

distribution implied by random variation in the 6 remaining parameters.

Using this method, a moment is well-identified by the chosen associated parameter if the distribution
moves (i.e. if median and 25th and 75th percentiles shift) across different quantiles. The slope of each
curve is a measure of how well-identified the parameter is by each moment, with steeper curves indicating
a better identification. Moreover, the smaller the inter-quartile range for each quantile, the relatively
less important the remaining 6 parameters are for the corresponding moment. This method is powerful
because it does not fix all the remaining parameters to their calibrated values. In this sense, it is superior
to identification techniques based on local derivatives, as in those methods the other parameters do not
affect the chosen moment in any way, by construction.

Figure D.1 shows the identification results for our calibrated set of parameters seen in Table 1. The

central array of black dots denotes the median of the distribution in that quantile, while the arrays of

5 By drawing parameter vectors using a Sobol sequence, we successively form finer uniform partitions of the
parameter space, ensuring that we explore all the potentially relevant regions.
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gray dots are the 25th and 75th percentiles. The moments that are best identified are the entry rate,
which is informed by our choice of ., and the average size, which is related to the curvature in technology
1. Indeed, these two moments change considerably with these two parameters over different quantiles,
and the distribution is narrowly distributed around the median, indicating that other parameters do not

play a major role in pinning down the specific moment.

Entry Rate Average Markup Sales Growth Dispersion Price on Sales 3
12.1 90 10.35, . . 0.039
N N I N
0.038
12 80 10.3
0.0379
11.9 70 %,
10.25 . 0.036 °. .
11.8 60 SN R,
10.2 0-035 R
11.7 50 *e
0.034
10.15 Ynmnpmpmsnnng . oo
11.6 40 \ P as ‘e,
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0.17 0.18 0.19 0.36 0.38 0.4 042 0.25 0.3 1.6 1.7 1.8
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Figure D.1: Identification of the internally calibrated parameters. Notes: Each figure plots the median
(black dots) and inter-quartile range (gray dots) for 50 different quartiles of the distribution of each moment
across different parameter values, keeping the chosen associated parameter fixed at each given value. A
better identification corresponds to (i) stronger correlation between parameter and median; (ii) narrower
inter-quartile ranges.

The parameters (w, k,c) determine three moments jointly: the average markup, the price on sales
regression coefficient, and the amount of price dispersion. In particular, a higher cost scale, entry cost, and
search cost, imply a lower markup, a lower coefficient of price on sales, and a lower degree of dispersion in
prices, respectively. Finally, the parameters related to the persistence and volatility in the idiosyncratic
productivity process z do not uniquely identify sales growth dispersion and price persistence, as the other
parameters play a similarly important role in pinning down these moments. This is likely due to the fact
that most dispersion and persistence in the calibrated model comes from the size mechanism, and not
from productivity differences. We therefore see this as not a major problem of the calibration, as the main

objective for the calibrated model is to explain lifecycle dynamics through demand-driven differences and
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not through productivity differences, motivated by the empirical literature cited in the Introduction.

E Model Extensions

E.1 Micro-Foundation for Marginal Utility (v)

Relative to the baseline model, we assume that there exists a representative household, comprised of

a measure-one continuum of identical buyers, with quasilinear preferences:

Ui(pr) = Eq {/:OO e Tt (aT +1n &(%))dT}

where r > 0 is the discount rate, and a is consumption of a numeraire good at time 7 > t. Household

consumption C is a bundle of output levels of a continuum of sellers via the CES aggregator:

Clp) = / a(9)c(z 9)dAs(2) (E11)

where A¢(z) is the distribution of active sellers over the space of idiosyncratic states z ~ X.(2'|z),
and c(z, ¢) is consumption from seller z in aggregate state ¢ ~ A, (¢'|¢). Equation (E.1.1) assumes that
the goods of the different sellers are perfect substitutes, so we can interpret the continuum of sellers as
effectively selling the same product. The shifter ¢(p) is the aggregate demand shock, acting as a shock
to preferences. As the numeraire is separable, the marginal utility of buyers is simply v(y) = %.

Aggregate consumption C' is obtained by the household at a price of P. Cost minimization implies:

e(20) = 1P _p(r)cip), with P(p) = ( [ (p;@f)) dAf(Z))

where p(z, ¢) is the price that seller z sets for its product in aggregate state ¢. Sellers are exactly as
in the baseline model, making instantaneous profits w(n; z, ¢) = p(n; z, o)n — C(n; z, @), where n € Z is
the number of customers and p(n; z, ) is the price policy function. Therefore, the measure of sellers in

state z is Ay(2) = >, cn Sn(2). By feasibility, we have C(¢) = q() > pen D osez Cn(2,9)Sn(2). As sellers
sell an indivisible product, ¢,(z, ) = n, so:

C(e) = q(p) D> nSnlz,¢) = q(p)B*

neN zeZ

where B4 is the aggregate measure of active buyers. Therefore, the individual valuation of buyers

is v(p) = W. Intuitively, for a given aggregate shock, individual consumers value the product less

when there are more active buyers, because that means that the product market is more congested.
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E.2 Endogenous Customer Separations

To introduce customer seller-to-seller transitions, we can model customer search explicitly. While we
assume that there is still an exogenous risk J. > 0 of separation for each customer, additionally we now
add the possibility that customers search, and potentially endogenously separate, while on the match.
We assume that active buyers do not face a cost of search, as they do not discontinue their consumption
when transitioning from one seller to the another.

Introducing this additional dimension into our full model with aggregate shocks is not straightforward.
Endogenous buyer transitions across sellers would break the ex-ante indifference condition among inactive
buyers, which pins down the equilibrium market tightness in the baseline model. In order to preserve the
block-recursive structure, one remedy would be to assume free entry across all markets on the seller side.
This would change the environment substantially, so we leave it for future work.

Thus, suppose there are no aggregate shocks. The problem of an active buyer with value V7 is:
max 0(z))(z— VB
it p(0(z))( )

The matched buyer only considers offers that deliver an expected value that weakly dominates the

current perceived utility, V2. Let Z(n,w; z) be the corresponding policy. The first-order condition reads:

(5”\(”""52) - VB(n,wsZ))W

_ _M(H(:)?(n,w; z))) (E.2.1)

z=Z(n,w;z)

Intuitively, the inactive buyer trades off the expected option value of transitioning (left-hand side)
to the rate at which this offer can be obtained (right-hand side). It is not difficult to show (e.g. Shi
(2009)) that Z(n,w; z) is increasing in V¥(n,w;z). In words, the more profitable a match is ex-post,
the higher the offer for which the customer will apply next. Therefore, customers separate according
to their initial state, and climb up the utility ladder. This effect tends to shift the mass of customers
(and therefore sellers) toward higher promised utilities, and thus acts as a countervailing force to the
equilibrium dynamics of the baseline model: when the sellers offering the worst terms of trade lose
customers, they need to start setting up more favorable contracts.

The risk of endogenously losing customers must now be incorporated into the pricing decisions of
sellers. The buyers’ and seller’s HJB equations are then identical to (2) and (3a), respectively, except

that we now must replace J. by an “effective” customer separation rate, given by:

~

de(n, w; z) = 6 + M(G(f(nawa 2)))

Likewise, the market tightness must incorporate that the pool of searching buyers is composed of

both inactive as well as active buyers:

_
Sn,l(z)

for any n > 1, where ¢(n) € N is the size of the seller that a customer seeking to transition to a size-n

On(z) = (Bi() + Bty (2))

seller is currently matched with, i.e. the solution to x,(z) = Z(¢(n), w; 2).
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F Additional Figures
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Figure F.1: Equilibrium tightness 6 :  +> p =1 <z FUB ), and set of equilibrium markets.

Figure F.2: Seller transitional dynamics for a typical incumbent (right-hand side block) and for entrants
(left-hand side block). The arrow labels indicate flow rates.
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Figure F.3: Cross-sectional establishment moments: data versus model. Notes: Kernel density estimates
for the employment distribution by age cohort (left), and the average size of each cohort (right), in the
calibrated model.
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Figure F.5: Impulse responses of selected variables to a one-time —1% shock to marginal utility (v), for
different values of d.. Notes: The figure shows the responses for an economy with high d. (red lines)
and the calibrated . (black lines). On the right-most panel, the solid (respectively, dashed) lines are the
contributions to the average markup by small (respectively, large) sellers. More details in Figure 6.
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